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ABSTRACT 


The  object  of  the  investigation  was  to  study  the  behavior  of 
plain  and  reinforced  concrete  beams  subjected  to  various  combinations  of 
bending,  torsion  and  shear.  The  study  was  especially  directed  to  controversial 
issues  and  some  of  the  variables  not  examined  previously. 

The  experimental  work  included  in  this  investigation  comprised 
of  design  and  fabrication  of  a  setup  for  applying  combined  loading  and 
tests  on  36  plain  and  reinforced  concrete  beams  of  6  x  12 -in.  nominal 
size.  Twenty  beams  were  tested  in  different  combinations  of  bending  and 
torsion.  Various  combinations  of  reinforcing  steel  were  used  including 
the  case  of  a  typical  beam  section  in  which  most  of  the  longitudinal  steel 
is  located  in  the  zone  of  flexural  tension  as  well  as  the  case  in  which 
the  longitudinal  steel  is  equally  distributed  near  the  top  face  and  the 
bottom  face  of  the  beam.  Sixteen  beams  were  tested  in  different  combinations 
of  bending,  torsion  and  shear.  All  the  beams  tested  in  this  investigation 
were  first  subjected  to  transverse  load  and  then  twisted  to  failure. 

Based  primarily  on  the  observations  made  in  the  experimental 
part  of  this  investigation,  a  simple  analysis  has  been  developed  for  pre¬ 
dicting  the  torsional  strength  of  a  beam  subjected  to  combined  loading. 

The  analysis  is  direct  and  general,  its  validity  extending  to  the  limiting 
case  of  pure  torsion. 

Using  the  analysis  presented  in  this  investigation,  the  analytical 
torsional  strengths  of  166  beams  are  compared  with  the  actual  torsional 
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strengths.  Sixty-eight  of  these  beams  were  tested  by  the  author  and  98 
by  other  investigators. 

An  expression  for  the  initial  torsional  stiffness  of  a  beam 
subjected  to  combined  bending  and  torsion  has  been  developed  and  compared 
with  the  test  results. 

The  tests  indicate  that  the  presence  of  flexure  to  a  certain 
limit  increases  the  torsional  strength  of  a  typical  beam  section.  For 
these  sections,  the  flexural  stresses  have  the  effect  of  a  favourable 
prestress  as  far  as  torsional  strength  is  concerned.  This  is  not  so  for 
the  case  of  a  beam  with  equal  longitudinal  steel  on  the  two  faces.  For 
these  beams,  the  presence  of  flexure  generally  reduces  the  torsional 
strength.  The  torsional  strength  of  beams  is  not  reduced  due  to  the 
presence  of  transverse  shear  provided  enough  transverse  steel  exists  to 
prevent  a  shear  failure  in  the  absence  of  torsion.  The  initial  torsional 
stiffness  is  reduced  due  to  the  presence  of  flexural  moment. 

The  analysis  reproduces  the  actual  trends  in  the  variation 
of  torsional  strength  as  affected  by  flexure.  It  also  provides  a  means 
of  obtaining  the  upper  bound  and  the  lower  bound  of  the  actual  torsional 


strength. 
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=  fully  plastic  moment  of  a  longitudinal  bar 

=  ultimate  torque  of  a  reinforced  concrete  section  in  pure 
torsion  computed  from  the  analysis. 
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torsion  determined  by  test. 
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loading  determined  by  test 
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P 


=  A  /b  d 


s  o  o 


p 


volume  of  transverse  steel 
gross  volume  of  concrete 


Miscellaneous 


S 


=  initial  torsional  stiffness  of  a  beam  subjected  to  combined 
bending  and  torsion 


S 


o 


=  initial  torsional  stiffness  of  the  beam  subjected  to  pure 
torsion 


Def init ions 

Axis  of  a  beam  of  rectangular  cross-section  is  defined  as  the 
straight  line  parallel  to  the  length  of  the  beam  passing  through  the 
intersection  of  the  diagonals  of  the  rectangle. 

Compressed  concrete  is  defined  as  the  portion  of  concrete  which 
is  compressed  due  to  the  flexural  moment. 

Non-compr essed  concrete  is  defined  as  the  portion  of  concrete 
which  is  not  compressed  due  to  flexure. 

Failure  is  defined  as  the  stage  at  which  the  torsional  load 
dropped  suddenly  and  beyond  which  an  increase  in  the  angle  of  twist 
did  not  correspond  to  an  increase  in  the  twisting  moment. 

Apparent  unit  torsional  strength  is  defined  as  the  unit  torsional 
strength  in  combined  stresses.  The  word  apparent  distinguishes  the  unit 
torsional  strength  for  the  particular  stress  condition  from  the  intrinsic 


strength  of  the  material. 
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CHAPTER  I 


INTRODUCTION 


1-1  Introductory  Remarks 

Very  few  tests  have  been  carried  out  on  concrete  in  torsion 
combined  with  flexure  and  transverse  shear  as  compared  to  those  in  pure 
torsion.  Even  pure  torsion  in  concrete  has  not  been  studied  as  extensively 
as  flexure  and  transverse  shear.  There  appear  to  be  two  main  reasons  for 
this  : 

(i)  It  is  argued  that  torsional  stresses,  in  general,  are  only  of 
secondary  nature  compared  to  those  due  to  flexure  or  transverse 
shear  and 

(ii)  torsion  tests  require  special  equipment. 

However,  the  above  reasons  can  hardly  justify  the  lack  of  research  on 
torsion  especially  when  the  limits  of  application  of  concrete  are  being 
pushed  back  continuously. 

The  previous  research  on  torsion,  especially  in  combination  with 
bending  and  shear,  has  left  much  to  be  desired.  There  is  disagreement 
on  some  of  the  vital  aspects  of  the  problem  of  reinforced  concrete  sub¬ 
jected  to  combined  loading.  This  is  evident  from  the  following  brief  dis¬ 
cussion  . 

The  pioneers  in  the  field  of  torsion  in  concrete  directed  their 
tests  essentially  towards  the  verification  of  Saint  Venant ' s  classical 
theory  of  torsion.  Later  investigations  (Nylander,  1945  and  Gardner,  1960), 
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however,  have  indicated  that  the  classical  elastic  theory  is  unsuitable 
for  estimating  the  ultimate  torsional  strength  of  concrete.  Both 
Nylander  and  Gardner  believed  that  better  results  could  be  obtained  by 
assuming  full  plasticity  (Nadai,  1931,  1950).  Cowan  (1950),  Ernst  (1957) 
and  Zia  (1961),  however,  felt  that  full  plasticity  could  not  be  attained 
due  to  the  limited  extent  of  plastic  redistribution  of  stresses.  It 
might,  therefore,  seem  that  the  elastic  theory  underestimates  and  the 
plastic  theory  overestimates  the  torsional  strength.  The  error  associated 
with  either  theory  depends  probably  upon  the  extent  of  redistribution  of 
stresses  due  to  plasticity.  No  method  for  determining  the  extent  of 
redistribution  of  stresses  is  yet  available. 

Nylander  (1945)  argued  that  in  common  practice  the  torsional 
stresses  in  concrete  are  only  of  secondary  nature.  He  considered  his 
beams,  which  had  no  transverse  steel,  as  typical  load  resisting  elements. 

It  might,  however,  appear  questionable  whether  Nylander's  beams  were  really 
typical  in  view  of  the  common  practice  of  providing  nominal  transverse 
steel  even  in  ordinary  flexural  members.  Nylander's  tests  and  conclusions 
were  limited  to  the  less  common  case  of  beams  without  transverse  steel. 

Cowan  (1953)  has  developed  equations  representing  the  interaction 
of  bending  and  torsion  in  plain,  reinforced  and  prestressed  concrete  beams. 
His  approach  is  based  on  the  elastic  theory.  His  equations  can  not  be 
used  beyond  the  visco-elastic  limit  which  marks  the  end  of  the  elastic 
action . 

Gesund  and  Boston  (1964)  have  presented  expressions  for  torsional 
strength  under  combined  loading.  Their  method  involves  a  trial  and  error 
solution  which  is  cumbersome.  Besides,  the  theory  developed  does  not 


>d3  oil  a  la  Iinisaflia  3rf3  Ibffl  bo  jibni  »vad  ,i3v9%i>ri 


to  d  na:iJa  Xanoiaiol  %  Jaarl  ifu  -irfi  j  :l3atnl389  ioi 


3  »■  nu  vio  d:  oil  >ia  od  3  ji  <3  i»f>*  ad  3  ,  Ida  iw 

If»col*3o3  >rf3  «  >3aiui  3j  3iovo  y-road3  oiJa.^Sq 


.  jJ  r-  to  .  3  ad  3  qu  yldadoi'j  abnoq.<  b  yioadi  TrariJia  rfiiw 


r  it  j  f  q  f  3  »ob  saaaiJa 


,.  lo^-sq  no(TB:Too  ni  ds  fa  u  n  ('  -<?.[)  ?*bna!vH 


* 


TJ  fX  fif  'j  •  O  ii  •  3“  »/|(3  t  36933ft 


-3  ■>  »•  •  <  b  £,  «/ 

is  fiftlyM  -T&rfdad  jI danc  m  >  7<  *»  <  ,  av  wo  1  t  ;i3  m  Jl 


aad  lr  rasa  /iurarnoa  &  d  9 d  oJ  Li.ll  I  97»w 


/jr  -|'V  UO  >V  1  ((  w  ttoZi 


n  ••.•«■•  jp<  3  D  -  4  d;t  no  La  had  =5.1  rio>-  q«%  iH 


>«  ^  .•  nv  '  --ide 


3 


explain  the  fact  that  the  torsional  strength  can  be  increased  due  to  the 
presence  of  bending  moment  (Nylander,  1945  and  Cowan  and  Armstrong,  1955). 

Cowan  (1953)  and  Cowan  and  Armstrong  (1955)  have  presented  inter¬ 
action  diagrams  for  combined  bending  and  torsion.  The  interaction  diagram, 
based  on  their  test  results  for  reinforced  concrete  beams,  is  in  conflict 
with  the  findings  of  Chinenkov  (1959)  and  Gesund,  Schuette,  Buchanan  and 
Gray  (1964)  in  respect  of  flexural  strength.  The  latter  investigators 
have  reported  that  the  flexural  strength  can  only  be  reduced  due  to  the 
presence  of  torsion  whereas  tests  by  Cowan  and  Armstrong  showed  increase  in 
flexural  strength  due  to  torsion.  The  theoretical  interaction  diagrams 
presented  by  Cowan  (1953)  have  validity  restricted  to  the  visco-elastic 
limit . 

From  the  above  discussion  it  appears  that  the  problem  of  combined 
loading  is  still  far  from  solution.  It  is  believed  that  adequate  under¬ 
standing  of  the  behavior  of  beams  under  combined  loading  can  result  only 
from  extensive  investigations,  both  theoretical  and  experimental.  The 
present  tests,  together  with  the  related  analyses,  are  an  attempt  to  under¬ 
stand  more  fully  the  behavior  of  plain  and  reinforced  concrete  beams  under 
combined  loading. 

1-2  Ob  j  ect 

The  main  objectives  of  the  investigation  are  as  follows: 

(1)  To  study  the  behavior  of  plain  and  reinforced  concrete  beams  subjected 
to  combined  loading. 

(2)  To  study  the  effect  of  flexure  and  transverse  shear  on  the  torsional 
strength  of  beams  with  various  amounts  and  arrangements  of  reinforcing 
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(3)  To  study  the  interaction  of  flexure,  torsion  and  transverse  shear 
for  beams  with  various  combinations  of  reinforcing  steel. 

(4)  To  develop  an  analysis  to  predict  the  torsional  strength  of  beams 
subjected  to  combined  loading  and  to  compare  the  analytical  results 
with  the  test  results  in  this  investigation  as  well  as  with  the  test  re¬ 
sults  of  other  investigations. 

1-3  Scope 

The  experimental  work  included  in  this  investigation  consisted 
of  tests  on  36  plain  and  reinforced  concrete  beams  subjected  to  various 
combinations  of  bending,  torsion  and  transverse  shear. 

The  nominal  cross-section  of  all  beams  was  6  x  12-in.  There 
were  9  plain  concrete  beams  and  27  beams  with  longitudinal  bars  and  ties. 

Twenty  beams  were  tested  in  various  combinations  of  bending  and 
torsion.  Of  these  beams,  five  were  of  plain  concrete  and  the  rest  were 
reinforced  so  as  to  represent  typical  beam  sections  and  sections  designed 
essentially  for  torsion.  The  beams  were  divided  into  five  groups.  The 
reinforcing  steel  for  beams  in  the  same  group  was  identical. 

Sixteen  beams  were  tested  in  various  combinations  of  bending, 
torsion  and  shear.  Of  these  beams,  four  were  of  plain  concrete  and  the 
rest  had  both  longitudinal  bars  and  ties.  The  beams  were  divided  into 
four  groups.  The  reinforcing  steel  for  beams  in  the  same  group  was 
identical . 

All  beams  were  first  subjected  to  the  transverse  load  and  then 
twisted  to  failure.  The  beams  within  each  group  were  tested  using  varying 
levels  of  the  transverse  load.  In  general,  the  first  beam  in  a  group  was 
tested  with  a  high  transverse  load  producing  stresses  in  the  bottom  steel 
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close  to  yield  stress.  The  transverse  load  was  successively  reduced  for 
other  beams  within  the  group  and  the  last  beam  was  tested  with  no  trans¬ 
verse  load  (pure  torsion). 

Based  primarily  on  the  observations  made  in  the  experimental 
part  of  this  investigation,  a  simple  analysis  has  been  developed  for  pre¬ 
dicting  the  torsional  strength  of  a  beam  subjected  to  combined  loading. 

The  analysis  is  direct  and  general,  its  validity  extending  to  the  limiting 
cases  . 

Using  the  analysis  developed  in  this  investigation,  the  analytical 
torsional  strengths  of  166  beams  have  been  compared  with  the  actual  torsional 
strengths.  Sixty-eight  of  these  beams  were  tested  by  the  author  and  98 
by  other  investigators. 

An  expression  for  the  initial  torsional  stiffness  of  a  beam 
subjected  to  combined  bending  and  torsion  has  been  developed  and  compared 


with  the  test  results. 
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CHAPTER  II 


REVIEW  OF  PREVIOUS  WORK 


2-1  Introduction 

There  have  been  relatively  few  tests  on  concrete  (plain,  rein¬ 
forced  or  prestressed)  subjected  to  torsion  and  bending  with  or  without 
transverse  shear.  Tests  on  concrete  in  combined  stresses  have  been  re¬ 
ported  by  Ny lander  (1945),  Cowan  and  Armstrong  (1955),  Chinenkov  (1959), 
Lialin  (1959),  Gardner  (1960),  Gesund  and  Boston  (1964)  and  Gesund, 
Schuette,  Buchanan  and  Gray  (1964).  Besides  Cowan  (1953)and  Lessig  (1959) 
have  presented  analytical  studies  of  the  problem  of  combined  bending  and 
torsion . 

The  above  tests  and  investigations  have  left  much  to  be  desired. 
There  is  disagreement  on  some  vital  points.  Besides  some  of  the  many  vari¬ 
ables  involved  have  never  been  investigated.  In  the  following  sections, 
the  work  of  the  previous  investigators  has  been  briefly  reviewed. 

2-2  Tests  on  Plain  Concrete 

Nylander  (1945)  tested  16  plain  concrete  beams  in  axial  com¬ 
pression  and  torsion.  The  compressive  force  was  applied  first  and  then 
the  specimens  were  twisted  to  failure.  As  expected,  the  cracking  and 
ultimate  torques  were  equal.  However,  the  torsional  strength  was  increased 


*This  review  deals  only  with  combined  loading.  Pure  torsion  has  been 
adequately  reviewed  by  Kemp,  Sozen  and  Siess  (1961)  and  Pandit  (1963). 
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considerably  due  to  the  axial  compression.  The  applied  compressive  stresses 
had  essentially  the  same  effect  as  uni-axial  prestress  which  had  to  be 
overcome  before  torsional  failure  could  occur.  All  16  beams  tested  by 
Nylander  had  compressive  stress  less  than  50%  of  the  cube  strength  of 
concrete  and  presumably  failed  due  to  diagonal  tension.  The  inclination 
of  the  failure  cracks  to  the  axis  decreased  with  increasing  values  of 
compressive  stress.  Nylander  preferred  the  plastic  theory  to  predict  the 
ultimate  strength  in  combined  compression  and  torsion. 

Cowan  and  Armstrong  (1955)  tested  3  plain  concrete  beams,  the 
first  in  pure  torsion,  the  second  in  pure  bending  and  the  third  in  com¬ 
bined  bending  and  torsion  with  a  bending  moment  to  torque  ratio  of  2.  The 
failure,  which  was  sudden  and  destructive,  occurred  at  the  formation  of 
first  crack.  Cowan  (1953)  reported  that  in  pure  torsion  or  in  combined 
bending  and  torsion,  the  failure  occurred  with  a  cleavage  fracture.  Based 
on  this,  he  developed  an  expression  for  the  visco-elastic  limit  of  plain 
concrete  beams. 

2-3  Tests  on  Reinforced  Concrete 

(i)  Beams  with  Longitudinal  Reinforcement  only 

Nylander  (1945)  considered  torsion  only  as  a  secondary  effect. 
Hence  all  his  reinforced  beams  had  only  longitudinal  steel.  Forty-four 
beams  of  square,  rectangular  and  ' T '  section  were  tested  in  various  com¬ 
binations  of  bending,  torsion  and  shear.  Tests  on  34  beams  in  combined 
bending  and  torsion  showed  that  the  torsional  strength  was  increased  by 
applying  bending  moment  not  exceeding  the  flexural  cracking  moment.  On 
the  basis  of  his  tests  on  10  beams  in  combined  torsion  and  transverse 
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shear,  Nylander  stated  that  the  ultimate  capacity  of  the  member  may  be 
determined  by  equating  the  sum  of  torsional  and  shearing  stresses  to  the 
ultimate  tensile  strength  of  concrete. 

Nylander 's  investigation  comprised  of  six  main  divisions.  Part  I 
dealt  with  beams  subjected  to  pure  torsion.  He  considered  the  classical 
theory  set  up  by  Saint  Venant  unsuitable  and  preferred  the  plastic  theory 
to  predict  ultimate  torsional  strength.  Part  II  dealt  with  the  influence 
of  normal  compressive  stresses  on  the  torsional  capacity.  Parts  III  and  IV 
examined  the  effects  of  flexure  and  shear  respectively  on  the  torsional 
capacity  of  beams.  Cases  of  torsional  restraint  in  structures  were  studied 
in  Parts  V  and  VI. 

Gesund  and  Boston  (1964)  reported  tests  on  10  beams  with  square 
and  rectangular  cross-section.  Two  beams  were  tested  in  pure  torsion  and 
the  rest  in  combined  bending  and  torsion.  The  purpose  of  the  study  was 
to  determine  the  failure  mechanism  and  to  find  a  way  of  predicting  the 
ultimate  resistance  under  combined  loading.  The  total  resistance  to  torsion 
was  assumed  to  consist  of  dowel  action  of  longitudinal  reinforcement  and 
the  resistance  of  uncracked  portion  of  concrete.  It  was  not  found  possible 
to  write  an  expression  for  the  latter  part  of  the  total  resistance  to 
torsion.  Using  a  theoretical  model  and  a  series  of  assumptions,  an  ex¬ 
pression  was  derived  for  the  torsional  resistance  due  to  the  dowel  action. 
The  calculated  torque  capacities  obtained  by  using  the  derived  expression 
were  lower  than  the  experimental  ultimate  torques  for  all  beams  reported 
in  the  investigation.  It  was  concluded  that  in  the  absence  of  transverse 
reinforcement,  the  dowel  action  of  the  longitudinal  steel  was  predominant 
in  resisting  torsion.  No  expression  for  flexural  capacity  under  combined 
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loading  was  derived.  However,  it  was  stated  that  the  flexural  capacity 
might  be  reduced  by  the  torsion  due  to  the  great  reduction  in  the  lever 
arm.  It  was  also  stated  that  in  combined  loading,  the  beams  may  fail  in 
one  of  the  several  different  torsional  modes  or  in  bending. 

( i i )  Beams  with  Longitudinal  and  Transverse  Reinforcement 

Cowan  and  Armstrong  (1955)  tested  7  beams  with  rectangular 
cross-section  in  combined  bending  and  torsion.  It  was  believed  that  the 
primary  bending  failure  was  associated  with  vertical  flexural  cracks  and 
crushing  of  the  compressed  concrete  whereas  primary  torsion  failure  was 
associated  with  the  development  of  45°  helical  cracks.  The  tests  indicated 
that  the  torsional  capacity  of  the  beams  was  increased  due  to  the  bending 
moment  which  induced  compression  in  concrete  on  the  top.  This  compression 
had  to  be  overcome  before  failure  could  occur. 

Cowan  (1953)  presented  analyses  which  could  be  used  upto  visco¬ 
elastic  limit  but  not  for  precise  assessment  of  ultimate  capacity  under 
combined  loading.  Cowan  believed  that  the  torsional  resistance  moment 
of  a  beam  in  the  elastic  range  was  given  by  the  sum  of  the  resistances 
of  the  concrete  and  the  reinforcement. 

It  was  observed  that  the  introduction  of  small  amount  of  bending 
increased  the  torsional  moment  while  the  addition  of  small  amount  of 
torsion  reduced  bending  resistance  only  slightly.  Cowan,  therefore, 
felt  that  it  might  be  reasonable  to  design  a  reinforced  concrete  section 
independently  for  bending  and  torsion  without  reduction  in  the  maximum 
permissible  stresses.  This  was  equivalent  to  the  assumption  that  the 
actual  interaction  diagram  for  combined  loading  might  be  simplified  to 
one  consisting  of  a  pair  of  straight  lines  parallel  respectively  to  the 
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bending  and  torque  axes. 

Cowan  developed  equations  expressing  the  interaction  of  bending 
and  torsion  using  maximum  stress,  maximum  strain  and  internal  friction 
theories.  The  validity  of  these  equations  was  restricted  to  the  visco¬ 
elastic  limit.  He  also  gave  a  graphical  representation  of  the  relation 
between  bending  and  torsion  at  the  visco-elastic  limit.  This  limit  was 
assumed  to  represent  the  end  of  the  elastic  action  and  beyond  which  large 
scale  cracking  occurred. 

Chinenkov  (1959)  reported  tests  on  36  beams  in  combined  bending 
and  torsion.  The  purpose  of  the  first  series,  comprising  23  beams,  was  to 
examine  the  feasibility  of  reinforcing  concrete  elements  subjected  to  com¬ 
bined  bending  and  torsion  by  only  two  plane  welded  skeletons  placed  near 
the  sides.  The  second  series,  comprising  13  beams,  was  devoted  to  a 
verification  of  the  design  formulas  proposed  by  Lessig  (1959).  In  these 
tests  attention  was  mainly  devoted  to  cases  in  which  the  ratio  of  torsion 
to  bending  moment  was  low. 

It  was  reported  that  diagonal  cracks  developed  in  the  zone  of 
flexural  compression  before  failure  occurred.  The  component  of  the  principal 
tensile  stresses  parallel  to  the  axis  of  the  beam  was  resisted  by  the 
longitudinal  reinforcement  while  the  component  in  the  lateral  direction 
was  resisted  by  the  transverse  reinforcement.  In  the  absence  of  trans¬ 
verse  reinforcement  on  two  of  the  faces  in  the  first  series,  the  component 
in  the  lateral  direction  tended  to  bend  the  longitudinal  steel  and  cause 
premature  failure. 

The  cracking  torque  was  reported  to  be  about  the  same  as  for 
plain  concrete  in  pure  torsion.  Measurements  of  strains  in  the  vertical 
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legs  of  the  stirrups  showed  that  they  developed  appreciable  stress  only 
when  cracks  intersected  the  concrete  zone  in  which  the  stirrups  were 
located.  Whenever  a  stirrup  intersected  a  failure  crack,  the  stress  in 
it  reached  the  yield  point.  The  torsional  stiffness  was  higher  for  lower 
flexural  moment,  higher  percentage  of  longitudinal  and  transverse  steel 
and  higher  concrete  strength. 

The  failure  in  all  cases  was  preceded  by  diagonal  cracks  due 
to  torsion  on  the  face  compressed  in  flexure.  Such  cracks  could  not  appear 
under  combined  loading  at  a  value  of  twisting  moment  less  than  that  corres¬ 
ponding  to  first  cracking  in  pure  torsion.  In  the  case  of  beams  of  second 
series,  which  had  closed  stirrups,  the  failure  was  preceded  not  only  by 
diagonal  cracks  on  top  but  also  by  the  yielding  of  the  reinforcement. 

A  precise  determination  of  the  depth  of  compressed  zone  or  the 
position  of  neutral  axis  was  not  found  feasible  due  to  the  splitting  of 
concrete  in  flexural  compression  zone.  However,  it  was  felt  that  the 
flexural  capacity  is  reduced  due  to  the  coexisting  torsion. 

The  test  results  were  compared  with  values  computed  using 
Russian  code  Ni  Tu  123-55  and  formulas  proposed  by  Lessig  (1959).  There 
was  reasonable  agreement  with  the  Russian  Code  for  low  values  of  torsional 
moment  but  there  was  appreciable  divergence  for  higher  torsional  moments. 

A  fair  correlation  with  Lessig' s  formulas  was  reported.  The  somewhat 
higher  test  loads  were  attributed  to  the  contribution  of  uncracked  concrete 
in  the  portion  containing  flexural  cracks. 

Gesund,  Schuette,  Buchanan  and  Gray  (1964)  reported  tests  on  12 
reinforced  concrete  beams  of  square  and  rectangular  section  in  combined 
bending  and  torsion.  The  variables  were  the  concrete  strength,  the  amount 
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and  spacing  of  transverse  reinforcement  and  the  moment  torque  ratios. 

The  test  results  were  compared  with  values  obtained  from  a  theoretical 
model  developed  from  observed  failure  mechanisms.  A  fair  correlation  was 
claimed . 

It  was  believed  by  the  investigators  that  the  flexural  capacity 
can  only  be  reduced  by  the  coexisting  torque.  The  reduction  in  flexural 
capacity  was  attributed  to  (i)  the  bending  couple  produced  by  the  force 
in  the  ties  cutting  the  failure  surface,  (ii)  the  dowel  action  of  longitudinal 
reinforcement  and  (iii)  the  reduction  of  the  lever  arm.  While  expressions 
to  deal  with  (i)  above  were  developed,  effects  listed  as  (ii)  and  (iii) 
above  were  ignored  for  the  cases  in  which  bending  predominated  failure. 

To  deal  with  the  cases  in  which  torsion  predominated  failure,  the  formula 
proposed  by  Gesund  and  Boston  (1964)  was  modified  to  include  the  dowel 
action  of  stirrups  in  the  torsional  resistance.  It  was  assumed  that  the 
stirrups  could  work  either  in  tension  or  as  dowels.  Two  independent  ex¬ 
pressions  for  the  torsional  resistance  were  developed.  The  first  was 
based  on  the  assumption  that  the  entire  torsional  resistance  was  produced 
by  the  tension  in  the  ties.  In  the  second  expression,  the  total  resistance 
to  torsion  was  taken  as  the  sum  of  the  dowel  effects  in  the  longitudinal 
reinforcement  and  the  stirrups.  The  ultimate  torque  was  taken  as  the 
greater  of  the  two  values  obtained  from  the  two  expressions. 

The  investigators  concluded  that  even  relatively  small  amounts 
of  transverse  reinforcement  could  lead  to  bending  rather  than  torsional 
failure  for  torque  moment  ratios  less  than  half.  They  also  believed  that, 
provided  sufficient  transverse  reinforcement  was  used  to  prevent  torsional 
failure,  the  stresses  in  the  transverse  reinforcement  had  no  effect  on  the 
flexural  strength  of  the  beam. 
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2 -4  Tests  on  Prestressed  Concrete 

Tests  on  prestressed  concrete  in  combined  bending  and  torsion 
have  been  reported  by  Cowan  and  Armstrong  (1955)  and  Gardner  (1960). 

Cowan  and  Armstrong  reported  tests  on  3  uniformly  prestressed 
and  6  eccentrically  prestressed  beams  in  various  combinations  of  bending 
and  torsion.  The  beams  had  no  transverse  reinforcement.  The  failure 
occurred  under  combined  loading  as  soon  as  the  first  crack  formed.  The 
failure  was  sudden  and  destructive.  There  was  almost  no  plastic  detrusion. 

In  this  regard,  the  behavior  was  similar  to  that  of  plain  concrete  beams. 
However,  large  increases  in  strength  compared  to  plain  concrete  beams 
were  reported. 

The  procedure  used  by  Cowan  (1953)  for  determining  the  twisting 
moment  at  which  the  first  crack  occurs  in  combined  loading  was  similar  to 
that  for  plain  concrete.  He  derived  a  formula  expressing  the  interaction 
of  bending  and  torsion.  This  formula  could  not  be  used  for  beams  which 
showed  extensive  cracking  since  the  validity  of  the  expression  was  restricted 
to  the  visco-elastic  limit. 

Gardner  (1960)  reported  tests  on  16  prestressed  concrete  'I' 
beams  subjected  to  combined  bending  and  torsion.  Bending  moment,  varying 
from  10  to  80  percent  of  flexural  capacity  of  the  beam,  was  first  applied 
and  the  specimen  then  twisted  to  failure. 

In  contrast  to  the  beams  tested  by  Cowan  and  Armstrong,  the 
beams  tested  by  Gardner  showed  considerable  ductility  after  cracking. 

This  difference  in  behavior  was  attributed  to  the  shape  of  the  cross-section. 
The  stiffness  of  the  beam  was  believed  to  drop  when  the  web  cracked  due 
to  high  shearing  stresses  in  it.  However,  the  failure  could  not  be 
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precipitated  until  the  flanges  were  also  stressed  to  the  ultimate  tensile 
strength  of  concrete. 

Gardner  found  that  the  magnitude  and  the  direction  of  the  principal 
tensile  stresses  and  consequently  the  orientation  of  the  cracks  depended 
on  the  level  of  prestress.  The  plastic  theory  was  preferred  for  predicting 
the  ultimate  capacity  whereas  the  elastic  theory  could  be  used  to  get  a 
fair  estimate  of  the  behavior  in  the  elastic  range.  The  tests  indicated 
that  the  torsional  capacity  was  not  appreciably  affected  unless  the  level 
of  bending  was  very  high. 
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CHAPTER  III 


SPECIMENS  AND  TESTING  PROCEDURE 

3-1  Test  Specimens 

Thirty-six  beams,  reported  in  this  investigation,  were  divided 
into  Groups  A  through  H.  There  were  9  beams  in  Group  A,  3  in  Group  E 
and  4  in  each  of  the  other  groups.  All  beams  had  a  nominal  cross-section 
of  6  x  12- in .  Beams  in  the  same  group  had  identical  reinforcement.  The 
beams  belonging  to  the  same  group  were  distinguished  by  the  numeral  follow¬ 
ing  the  group  designation  (for  example  B-l,  B-2,  B-3  and  B-4) .  The  same 
mix  design  for  concrete  was  used  for  all  the  beams. 

The  first  five  beams  in  Group  A  and  all  the  beams  in  Groups  B, 

C,  D  and  E  were  designed  for  tests  in  combined  bending  and  torsion.  The 
last  four  beams  in  Group  A  and  all  the  beams  in  Groups  F,  G  and  H  were 
designed  for  tests  in  combined  bending,  torsion  and  shear.  The  beams  in 
Groups  A  through  E  had  an  overall  length  of  10  feet  2  inches  whereas  beams 
belonging  to  Groups  F,  G  and  H  had  an  overall  length  of  5  feet  4  inches. 

The  details  of  the  reinforcing  steel  are  shown  in  FIGURE  3-1  and 
TABLE  3-1.  Group  A  consisted  of  plain  concrete  beams.  Beams  in  all  the 
remaining  groups  had  both  longitudinal  bars  and  ties.  The  longitudinal 
steel  for  the  beams  belonging  to  Groups  B,  C  and  D  was  designed  so  as  to 
cover  the  range  from  under -reinforced  to  over -reinforced  beams  from  the 
point  of  view  of  conventional  working  stress  design.  The  amount  of  longi¬ 
tudinal  steel  for  beams  in  Group  E  was  designed  to  be  about  the  same  as 
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for  beams  in  Group  C.  However,  for  beams  belonging  to  Group  E,  the  longi¬ 
tudinal  steel  was  equally  divided  on  the  top  and  the  bottom  faces.  The 
transverse  steel  was  identical  for  the  beams  in  Groups  C,  D  and  E. 

All  beams  in  Groups  F,  G  and  H  had  about  the  same  amounts  of 
longitudinal  and  transverse  steel.  However,  the  size  of  tie  bar  and  con¬ 
sequently  the  spacing  was  different  in  Groups  F  and  G.  The  beams  in 
Groups  G  and  H  had  identical  transverse  steel.  The  amount  of  total 
longitudinal  steel  was  also  the  same  for  these  two  groups.  However,  in 
Group  H  all  the  longitudinal  steel  was  placed  on  the  bottom  face  whereas 
in  Group  G  it  was  equally  distributed  on  the  top  and  the  bottom  faces 
as  shown  in  FIGURE  3-1  and  TABLE  3-1. 

All  the  specimens  had  additional  steel  outside  the  gage  length. 
This  ensured  that  the  beams  failed  inside  the  gage  length.  The  gage 
lengths  for  the  beams  are  shown  in  FIGURES  3-2  and  3-3. 

The  properties  of  sand,  coarse  aggregate  and  reinforcing  steel 
are  given  in  Section  A-l  and  the  fabrication  of  specimens  is  described 
in  Section  A-2  of  Appendix  A.  The  compressive  and  tensile  strengths  of 
concrete  were  determined  from  compression  and  indirect  tensile  tests  on 
6  x  12 -in.  control  cylinders.  These  are  given  in  TABLES  4-1  and  4-2, 
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FIGURE  3-1  DETAILS  OF  REINFORCING  STEEL 
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FIGURE  3-2  INSTRUMENTATION  FOR  TESTS  IN  COMBINED  BENDING  AND  TORSION 
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TABLE  3-1 

DETAILS  OF  REINFORCING  STEEL 


Group 

No .  of 
Beams 

Longitudinar 

Bars 

Ties 

Percentage  of  steel  based  on 
gross  nominal  area  of  concrete 

At  top 

At  bottom 

Size 

Spacing 
in . 

Top 

Bottom 

Transverse 

A 

9 

Nil 

Nil 

Nil 

0 

0 

0 

B 

4 

2  -  #3 

2  -  #4 

#3 

6.0 

0.31 

0.55 

0.82 

C 

4 

2  -  #3 

2  -  #5 

#3 

4.5 

0.31 

0.83 

1.09 

D 

4 

2  -  #5 

4  -  #6 

#3 

4.5 

0.83 

2.45 

1.09 

E 

3 

2  -  #4 

2  -  #4 

#3 

4.5 

0.55 

0.55 

1.09 

F 

4 

3  -  #3 

3  -  #3 

#3 

8.0 

0.46 

0.46 

0.61 

G 

4 

3  -  #3 

3  -  #3 

#2 

3.5 

0.46 

0.46 

0.62 

H 

4 

Nil 

2  -  #3& 

1  -  #6 

#2 

3.5 

0 

0.92 

0.62 

3-2  Test  Setup 

(i)  Combined  Bending  and  Torsion 

The  test  setup  is  shown  diagrammatically  in  FIGURE  3-4.  It  is 
also  illustrated  by  photographs  shown  in  FIGURES  3-5  through  3-9. 

The  equipment  for  applying  bending  load  was  independent  of  that 
for  applying  torsional  load.  A  44-kip  Amsler  jack  was  used  for  applying 
the  bending  load.  The  transverse  load  was  transferred  to  the  specimen 
through  the  distributing  beam  and  set  of  rollers  as  shown  in  FIGURES  3-4 
through  3-6.  Six-inch  wide  circular  rings  cut  from  a  steel  pipe  (16-in. 
outside  diameter)  were  mounted  on  the  specimen  at  the  load  points  so  that 
the  torsion  could  be  freely  transmitted  from  one  end  of  the  specimen  to 
the  other . 

The  torque  was  applied  by  stressing  a  three-fourth-inch  cable 
using  a  30 -ton  Simplex  center-hole  hydraulic  ram  operated  by  a  hand  pump. 
The  center-hole  jack  reacted  against  the  load  bed  as  shown  in  FIGURES  3-4 
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FIGURE  3-5  GENERAL  VIEW  OF  TEST  SETUP  FOR 
COMBINED  BENDING  AND  TORSION 


FIGURE  3-6  SIDE  VIEW  OF  TEST  SETUP  FOR 

COMBINED  BENDING  AND  TORSION 
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FIGURE  3-7  END  VIEW  OF  TEST  SETUP  FOR 

COMBINED  BENDING  AND  TORSION 


FIGURE  3-8  DETAILS  OF  TWISTING  END 
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FIGURE  3-9  CABLE  TENSIONING  DEVICE 


FIGURE  3-10  GENERAL  VIEW  OF  TEST  SETUP  FOR  COMBINED 
BENDING,  TORSION  AND  SHEAR 
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and  3-9.  The  cable  was  placed  round  a  24 -in.  torque  drum  as  shown  in 
FIGURES  3-7  and  3-8.  The  torque  drum  transmitted  the  torque  to  the  speci¬ 
men  through  a  3-in.  diameter  shaft.  The  tension  in  the  cable  was  determined 
by  means  of  a  load  cell  and  an  indicator.  The  load  cell  and  the  indicator 
were  calibrated  using  a  200 -kip  universal  testing  machine.  To  provide  a 
check  on  the  torque  computed  from  the  indicator  reading,  the  torque  trans¬ 
mitted  by  the  shaft  was  determined  by  means  of  SR-4  electrical  strain 
gages  mounted  on  the  shaft  in  the  direction  of  the  principal  stresses. 

The  shaft  and  the  pulley  used  for  changing  the  direction  of  the  cable 
had  ball-bearing  supports,  as  shown  in  FIGURE  3-7,  to  minimize  friction. 
However,  the  torque  lost  due  to  friction  was  calculated  using  a  previously 
calibrated  device.  This  device  consisted  of  a  three-fourth-inch  steel 
rod  used  for  providing  the  resisting  torque.  The  stress -strain  characteristics 
of  the  rod  were  determined  using  SR-4  electrical  resistance  gages  and 
Demec  mechanical  strain  gage.  The  difference  of  the  torque  applied  by 
the  cable  and  the  resisting  torque  provided  by  the  rod  was  taken  as  the 
torque  lost  due  to  friction.  This  loss  was  allowed  for  in  computing  the 
torque  transmitted  to  the  specimen. 

( i i )  Combined  Bending,  Torsion  and  Shear 

The  test  setup  for  combined  bending,  torsion  and  shear  was 
similar  to  that  for  tests  in  combined  bending  and  torsion  except  that  the 
transverse  load  was  applied  at  midspan  as  shown  in  FIGURES  3-3  and  3-10. 

The  transverse  load  was  applied  by  means  of  a  44-kip  Amsler  jack  through 
a  roller  and  a  ring.  The  roller  and  the  ring  were  mounted  at  midspan  of 
the  specimen.  The  test  setup  is  illustrated  by  FIGURES  3-3  and  3-10. 
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3-3  Testing  Procedure 

The  transverse  load  was  applied  first.  The  level  of  the  trans¬ 
verse  load  was  the  highest  for  the  first  beam  in  a  group  and  decreased  for 
subsequent  beams.  The  last  beam  in  each  group  was  tested  in  pure  torsion. 
After  the  desired  transverse  load  was  applied,  it  was  held  constant  and  the 
specimen  was  twisted  to  destruction.  The  constant  load  maintaining  feature 
of  the  Amsler  machine  was  utilized  to  ensure  a  constant  transverse  load 
throughout  the  twisting  operation.  The  specimen  was  simply  supported  through¬ 
out  the  stages  involving  increments  of  the  transverse  load  only.  When  the 
desired  transverse  load  was  attained,  the  ends  were  clamped  and  the  twist¬ 
ing  was  commenced.  The  twisting  operation  was  continued  well  beyond  the 
peak  value  of  the  twisting  moment.  After  each  load  increment  was  applied, 
the  load  was  held  constant  for  taking  the  readings  and  marking  the  crack 
pattern . 

3-4  Instrumentation  of  the  Test  Specimens 

In  addition  to  the  measurement  of  the  transverse  load  and  the 
twisting  moment,  the  specimens  were  instrumented  for  the  measurement  of  the 
following : 

(i)  Concrete  Strains:  The  strains  in  concrete  were  measured  on  both 
vertical  faces  and  on  the  top  of  the  specimen.  The  positions  of  the  locating 
discs  for  measuring  the  concrete  strains  are  shown  in  FIGURES  3-2  and  3-3. 

All  longitudinal  and  diagonal  strains  were  measured  on  a  8-in.  gage  length. 

(ii)  Steel  Strains:  SR-4  electrical  strain  gages  were  used  for  the 
measurement  of  steel  strains.  The  strains  in  the  longitudinal  bars  and 


the  ties  were  measured. 
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(iii)  Angle  of  Twist :  The  twistmeter s“  were  mounted  at  each  end  of  the 
gage  length  as  shown  in  FIGURES  3-2  and  3-3.  The  difference  of  the  readings 
of  the  two  twistmeters  indicated  the  net  angle  of  twist  over  the  gage  length. 

(iv)  Deflections :  The  locations  of  the  dial  gages  for  the  measurement  of 
deflections  are  shown  in  FIGURES  3-2  and  3-3. 


*  For  detailed  description,  see  Pandit  (1963). 
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CHAPTER  IV 


PRESENTATION  OF  TEST  RESULTS 

A  - 1  Principal  Test  Results 

The  observations  at  the  end  of  every  load  increment  for  the 
specimens  tested  are  reported  in  detail  in  Appendix  B.  Separate  plots 
for  individual  beams  are  also  presented  in  Appendix  B.  This  chapter  deals 
with  the  principal  test  results  and  the  general  behavior  of  the  specimens. 
The  main  test  results  are  reported  in  TABLES  4-1  and  4-2.  TABLE  4-1  deals 
with  the  tests  in  combined  bending  and  torsion  and  TABLE  4-2  deals  with 
the  tests  in  combined  bending,  torsion  and  shear. 

4-2  Behavior  of  the  Test  Specimens 

As  stated  in  Section  3-3,  the  transverse  load  was  applied  first 
and  the  specimens  were  then  twisted  to  failure.  The  failure  was  defined  as 
the  stage  at  which  the  torsional  load  dropped  suddenly.  Beyond  this  stage 
an  increase  in  the  angle  of  twist  did  not  correspond  to  an  increase  in 
the  twisting  moment.  The  ultimate  torque  or  the  torsional  strength  was 
defined  as  the  peak  torque  resisted  by  the  specimen.  The  specimens  were 
twisted  well  beyond  the  ultimate  torque. 

( i )  Combined  Bending  and  Torsion 
Group  A 

Beams  A-l  through  A-5  in  Group  A  were  tested  in  various  combina¬ 
tions  of  bending  and  torsion.  As  expected  of  plain  concrete  beams,  the 
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failure  in  all  cases  was  sudden.  The  deflections  and  the  angles  of  twist 
at  failure  were  very  small. 

Group  B 

The  beams  belonging  to  this  group  exhibited  appreciable  yielding. 

Beam  B-l  was  tested  in  pure  bending,  Beams  B-2  and  B-3  in  combined  bending 
and  torsion  and  Beam  B-4  in  pure  torsion.  The  higher  level  of  transverse 
load  on  Beam  B-2  as  compared  to  that  for  Beam  B-3  delayed  the  appearance 
of  diagonal  torsion  cracks  on  the  top  face  which  was  under  flexural  compression. 
However,  the  failure  did  not  occur  until  the  diagonal  cracks  due  to  torsion 
had  appeared  on  the  top  face.  The  inclination  of  the  diagonal  cracks  on  the 
top  face  with  the  axis  of  the  beam  was  somewhat  less  for  Beam  B-2  than  that 
for  Beam  B-3. 

Group  C 

The  four  beams  in  this  group  were  tested  with  decreasing  ratios 
of  flexure  to  torsion.  All  beams  showed  appreciable  yielding.  The  crack¬ 
ing  was  extensive  before  failure.  The  diagonal  cracks  appeared  on  the  top 
face  in  all  cases  before  failure.  The  inclination  of  these  cracks  with 
the  axis  of  the  beam  increased  as  the  level  of  the  bending  load  was  re¬ 
duced.  For  Beam  C-4,  tested  in  pure  torsion,  the  helical  cracks  were  in¬ 
clined  at  about  45°  to  the  axis  of  the  beam. 

Group  D 

The  beams  in  this  group  showed  great  toughness  and  yielding. 

Due  to  the  fairly  high  amount  of  tension  steel  for  the  beams  in  this  group, 
it  was  possible  to  apply  greater  flexural  load  on  these  beams  as  compared 
to  the  flexural  load  applied  to  beams  in  other  groups.  The  maximum  flexural 
load  was  applied  to  Beam  D-l.  The  application  of  torsion  to  this  beam 
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did  not  produce  diagonal  cracks  on  the  top  face.  Instead  it  precipitated 
crushing  and  complete  destruction  of  the  zone  in  flexural  compression. 
However,  Beams  D-2  and  D-3,  which  were  subjected  to  smaller  flexural 
loads,  failed  after  the  development  of  diagonal  cracks  on  the  top  face 
due  to  torsion.  Beam  D-4,  which  was  tested  in  pure  torsion,  had  extensive 
helical  cracking  prior  to  failure. 

Group  E 

The  three  beams  in  this  group  were  tested  with  successively  de¬ 
creasing  flexural  loads.  All  three  beams  developed  diagonal  cracks  on  top 
face  before  failure.  A  higher  flexural  load  tended  to  delay  the  appearance 
of  these  cracks  and  to  reduce  their  inclination  to  the  axis  of  the  beam. 

All  beams  exhibited  extensive  cracking,  yielding  and  toughness  before 
failure . 

( i i )  Combined  Bending,  Torsion  and  Shear 
Group  A 

Beams  A-6  through  A-9  were  tested  in  various  combinations  of 
bending,  torsion  and  shear.  These  plain  concrete  beams  failed  suddenly. 
Deflections  and  the  angles  of  twist  at  failure  were  very  small. 

Gr  oup  F 

All  beams  in  this  group  showed  considerable  yielding  .  The 
flexural  load  for  all  of  the  beams  in  this  group  was  not  large  enough  to 
precipitate  crushing  at  failure.  Hence,  failure  was  preceded  by  formation 
of  diagonal  cracks  on  top  face.  Beam  F-l  had  fairly  wide  flexure-shear 
cracks  and  the  stress  in  the  tension  steel  was  near  the  yield  point  before 
twisting  was  commenced.  On  the  South  face  the  shearing  stresses  due  to 
transverse  shear  added  to  those  due  to  torsion  whereas  on  the  North  face 
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they  tended  to  cancel  each  other.  Hence  the  diagonal  cracks  on  the 
South  face  preceded  those  on  the  North  face.  Beams  F-2  and  F-3,  which 
were  subjected  to  smaller  flexural  load,  failed  after  formation  of 
diagonal  cracks  on  the  top  face.  Beam  F-4,  which  was  tested  in  pure 
torsion,  had  extensive  helical  cracks  prior  to  failure. 

Group  G 

The  behavior  of  the  beams  in  this  group  was  similar  to  that 
of  the  corresponding  beams  in  Group  F.  All  beams  developed  diagonal 
cracks  on  the  top  face  before  failure.  The  inclination  of  these  cracks 
to  the  axis  of  the  beam  decreased  for  higher  transverse  load.  All  beams 
were  extensively  cracked  prior  to  failure.  The  beams  in  this  group 
developed  higher  ultimate  torques  than  those  developed  by  corresponding 
beams  in  Group  F  due  to  the  closer  spacing  of  ties  for  the  beams  in  this 
group  . 

Group  H 

Beam  H-l  had  a  fairly  large  transverse  load  (32  kips)  and  wide 
flexure -shear  cracks  before  twisting  was  commenced.  The  corresponding 
large  flexural  compression  on  the  top  face  inhibited  the  appearance  of 
diagonal  cracks  due  to  torsion.  The  failure  was  precipitated  as  soon  as 
the  diagonal  cracks  appeared  on  the  top  face.  Beams  H-2  and  H-3,  which 
were  subjected  to  smaller  transverse  loads,  showed  diagonal  cracks  on 
the  top  face  well  before  the  ultimate  torque  was  attained.  Beams  H-l, 
H-2  and  H-3  showed  considerable  yielding.  Beam  H-4,  which  was  tested 
in  pure  torsion,  exhibited  very  limited  yielding.  There  were  only  a 
few  cracks  until  the  ultimate  torque  was  reached.  The  failure  occurred 
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4-3  Crack  Patterns 

(i)  Combined  Bending  and  Torsion 

The  crack  patterns  for  the  beams  at  the  end  of  tests  in  combined 
bending  and  torsion  are  illustrated  in  FIGURES  4-1  through  4-4.  One  beam 
from  each  group  has  been  chosen  for  illustration.  The  crack  patterns  were 
similar  on  the  two  vertical  faces  of  each  beam.  In  the  zone  of  flexural 
compression,  the  angle  of  inclination  of  the  diagonal  cracks  due  to  torsion 
with  the  axis  of  the  beam  was  smaller  for  beams  with  higher  transverse 
load  as  compared  to  that  of  beams  with  lower  transverse  loads.  The  diagonal 
cracks  due  to  torsion  either  branched  off  from  the  flexural  cracks  or 
appeared  to  cross  them.  In  each  case,  torsion  produced  new  cracks  inclined 
at  about  45°  to  the  axis  of  the  beam  in  the  portion  cracked  previously  by 
flexural  tension.  The  flexural  tension  cracks  were  fairly  close  to  vertical 
in  the  constant  moment  region.  The  numbers  appearing  on  the  illustrations 
refer  to  the  stages  of  loading  as  shown  in  the  corresponding  tables  in 
Appendix  B. 

(ii)  Combined  Bending,  Torsion  and  Shear 

The  crack  patterns  for  tests  in  combined  bending,  torsion  and 
shear  are  illustrated  in  FIGURES  4-5  through  4-8.  The  crack  patterns 
on  the  two  vertical  faces  of  the  same  beam  were  not  similar  due  to  the 
effect  of  transverse  shear.  The  shearing  stresses  due  to  torsion  and 
transverse  shear  were  of  the  same  sense  on  the  South  face.  Cracking  on 
this  face  was  more  extensive  as  compared  to  that  on  the  North  face.  Be¬ 
sides  all  cracks  followed  the  same  general  direction  on  the  South  face. 

On  the  North  face,  however,  the  shearing  stresses  due  to  transverse  shear 
produced  diagonal  tension  in  a  direction  normal  to  that  due  to  torsional 
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FIGURE  4-1  CRACK  PATTERN  FOR  SOUTH  FACE  OF  BEAM  B-3 


FIGURE  4-2  CRACK  PATTERN  FOR  NORTH  FACE  OF  BEAM  C-2 


36 


FIGURE  4-3  CRACK  PATTERN  FOR  SOUTH  FACE  OF  BEAM  D-2 


FIGURE  4-4  CRACK  PATTERN  FOR  NORTH  FACE  OF  BEAM  E-l 
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FIGURE  4-5  CRACK  PATTERN  FOR  SOUTH  FACE  OF  BEAM  F-2 


FIGURE  4-6  CRACK  PATTERN  FOR  NORTH  FACE  OF  BEAM  F-2 
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FIGURE  4-8  CRACK  PATTERN  FOR  NORTH  FACE  OF  BEAM  H-2 
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shearing  stresses.  The  transverse  shear  cracks  and  the  torsional  shear 
cracks  crossed  at  about  90°  on  the  North  face.  The  application  of  torsion 
tended  to  close  the  transverse  shear  cracks  and  produce  other  cracks  normal 
to  these  cracks.  The  torsional  cracks  on  the  North  face  appeared  at  higher 
levels  of  torque  than  those  on  the  South  face.  The  sequence  of  cracking 
is  shown  in  FIGURES  4-5  through  4-8  and  TABLES  B-25  through  B-36. 

4-4  Concrete  Strains 

The  plots  of  the  longitudinal  and  diagonal  strains  in  concrete 
for  all  the  beams  are  presented  in  FIGURES  B-l  through  B-ll,  Appendix  B. 

The  designations  of  the  locations,  where  strains  were  measured,  are  shown 
in  FIGURES  3-2  and  3-3.  The  strains  were  measured  over  8-in.  gage  length 
using  Demec  mechanical  strain  gage. 

(i)  Combined  Bending  and  Torsion 

General  trends  of  the  concrete  strains  in  beams  subjected  to 
bending  and  torsion  are  shown  in  FIGURE  4-9.  The  strains  at  Locations 
6  and  7  on  the  vertical  faces  of  the  beam  were  negligible  upto  the 
commencement  of  twisting.  As  torque  was  applied,  compressive  and  tensile 
strains  were  recorded  at  Locations  6  and  7  respectively.  There  were 
compressive  strains  at  Locations  8  and  9  on  the  top  face  due  to  flexure. 

On  application  of  torsion,  the  compressive  strain  at  Location  8  increased 
whereas  that  at  Location  9  decreased  leading  to  strain  reversal  at  higher 
torque.  Near  failure,  the  strain  at  Location  9  was  tensile. 

(ii)  Combined  Bending,  Torsion  and  Shear 

General  trends  of  the  concrete  strains  in  beams  subjected  to 


bending,  torsion  and  shear  are  shown  in  FIGURE  4-10.  Due  to  the  effect  of 


'  -  ' 


40 


z 

< 

m 

►* 


VI 


S 


ui 

iu 

at 

U 

z 

o 

U 


FIGURE  4-9  GENERAL  TRENDS  OF  CONCRETE  &  STEEL  STRAINS 
FOR  BEAMS  SUBJECTED  TO  COMBINED  BENDING  &  TORSION 
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FIGURE  4-10  GENERAL  TRENDS  OF  CONCRETE  &  STEEL  STRAINS  FOR 
BEAMS  SUBJECTED  TO  COMBINED  BENDING,  TORSION  4  SHEAR 
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transverse  shear,  the  concrete  strains  on  the  two  vertical  faces  of  the 
beam,  designated  as  North  and  South  faces,  were  not  similar.  Hence 
Locations  6  and  7  on  the  two  sides  were  distinguished  by  adding  the  letter 
N  or  S  after  the  number  designating  the  location  as  shown  in  FIGURE  3-3. 
The  transverse  shear  produced  compressive  strains  at  Locations  6S  and  7N . 
As  torsion  was  applied,  the  compressive  strain  at  Location  6S  increased 
whereas  that  at  Location  7N  decreased  leading  to  strain  reversal  at  higher 
torque.  The  transverse  shear  produced  tensile  strains  at  Locations  6N 
and  7S.  As  torsion  was  applied,  the  tensile  strain  at  Location  7S  in¬ 
creased  whereas  that  at  Location  6N  decreased  leading  to  strain  reversal 
at  higher  torque.  In  general,  the  strains  on  the  North  face  were  smaller 
than  the  corresponding  strains  on  the  South  face  because  the  shearing 
stresses  due  to  torsion  and  transverse  shear  were  of  the  opposite  sense 
on  the  North  face  whereas  they  were  of  the  same  sense  on  the  South  face 
of  the  beam.  There  were  compressive  strains  at  Locations  8  and  9  due  to 
flexure.  As  torsion  was  applied,  the  compressive  strain  at  Location  8 
increased  whereas  that  at  Location  9  decreased  leading  to  strain  reversal 
at  higher  torque. 

Since  beams  in  group  H  had  no  steel  on  the  top  face,  concrete 
strains  on  the  top  face  were  measured  at  additional  locations  designated 
as  10,  11  and  12.  There  were  compressive  strains  at  these  locations  due 
to  flexure.  As  torsion  was  applied,  the  compressive  strains  tended  to 
decrease.  The  rate  of  decrease  of  compressive  strain  was,  in  general, 
higher  at  Location  10  compared  to  that  at  Location  12  because  Location 
10  was  nearer  to  the  South  face  on  which  the  twisting  moment  and  the 
transverse  shear  produced  shearing  stresses  of  the  same  sign.  Strain 
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reversals  from  compression  to  tension  were  recorded  at  Locations  10,  11 
and  12  in  Beam  H-2  and  at  Locations  10  and  12  in  Beam  H-3  as  shown  in 
FIGURE  B-9,  Appendix  B. 

The  longitudinal  strains  at  Locations  1  through  5  were  plotted 
along  the  depth  of  the  beam  and  are  presented  in  FIGURES  B-10  and  B-ll, 
Appendix  B.  For  the  case  of  combined  bending  and  torsion,  the  strains 
plotted  are  the  average  of  those  on  the  two  sides  of  the  beam.  Since 
shear  produced  dissimilar  conditions  on  the  two  sides,  the  strains  on  the 
North  and  South  faces  were  plotted  separately  in  the  case  of  combined 
bending,  torsion  and  shear.  The  strains  were  fairly  linear  before 
commencement  of  twisting  but  became  non-linear  as  torsion  increased. 

4-5  Steel  Strains 

Plots  of  the  steel  strains  for  all  reinforced  concrete  beams 
subjected  to  combined  bending  and  torsion  are  given  in  FIGURES  B-2 
through  B-5  and  those  for  beams  subjected  to  combined  bending,  torsion 
and  shear  are  given  in  FIGURES  B-7  through  B-9, Appendix  B. 

(i)  Combined  Bending  and  Torsion 

General  trends  of  the  steel  strains  in  beams  subjected  to 
combined  bending  and  torsion  are  illustrated  in  FIGURE  4-9.  As  the 
torsion  was  applied,  the  strain  in  the  bottom  steel  increased  slowly 
at  first  and  at  a  higher  rate  when  the  cracking  torque  was  exceeded. 

In  most  cases,  the  bottom  steel  reached  the  yield  strain  as  the  peak 
torque  was  approached.  The  strain  in  the  tie  was  very  small  until 
twisting  was  commenced.  The  tensile  strain  in  the  tie  increased  abruptly 
after  the  cracking  torque  was  exceeded.  In  most  cases,  the  transverse 
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steel  reached  the  yield  strain  at  ultimate  torque. 

Before  commencement  of  twisting,  the  compressive  strain  in  the 
top  longitudinal  steel  depended  on  the  level  of  the  transverse  load. 

As  torsion  was  applied,  the  compressive  strain  in  the  top  longitudinal 
steel  generally  decreased  unless  the  flexural  compression  was  extremely 
high.  The  application  of  torsion  reduced  compressive  strain  in  the  top 
longitudinal  steel  in  all  cases  except  in  the  case  of  Beam  D-l  which  was 
subjected  to  the  maximum  flexural  load.  In  the  case  of  Beam  D-l,  the 
top  steel  yielded  due  to  the  flexural  load.  As  torsion  was  applied, 
the  compressive  strain  in  the  top  steel  continued  to  increase.  Strain 
reversal  from  compression  to  tension  was  recorded  for  Beams  C-2,  C-3, 

D-2,  D-3  and  E-2.  In  case  of  Beam  D-3,  which  had  a  small  flexural  load, 
the  tensile  strain  in  the  top  longitudinal  steel  at  failure  was  close  to 
the  yield  strain  as  shown  in  TABLE  4-1. 

(ii)  Combined  Bending,  Torsion  and  Shear 

General  trends  for  the  steel  strains  in  beams  subjected  to  bend¬ 
ing,  torsion  and  shear  are  illustrated  in  FIGURE  4-10. 

The  strains  in  the  bottom  steel  followed  the  same  general  trends 
as  in  case  of  bending  and  torsion.  The  transverse  steel  developed  some 
tensile  strain  due  to  transverse  shear  which  continued  to  increase  as 
torsion  was  applied.  In  most  cases  the  transverse  steel  attained  yield 
strain  at  ultimate  torque.  The  compressive  strain  in  the  top  steel  re¬ 
duced  on  application  of  torsion.  In  some  cases,  such  as  Beams  F-l,  F-2, 

F-3,  G-l,  G-2  and  G-3,  there  was  strain  reversal  from  compression  to  tension. 
In  cases  of  small  transverse  load  as  for  Beams  F-3  and  G-3,  the  top  steel 
reached  the  yield  strain  in  tension  at  the  ultimate  torque  as  shown  in 


TABLE  4-2. 
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4-6  Deformation  Characteristics 

The  deformation  characteristics,  comprising  of  the  load-deflection 
and  the  torque-twist  characteristics,  for  beams  subjected  to  combined 
bending  and  torsion  are  shown  in  FIGURE  B-12  and  those  for  beams  subjected 
to  combined  bending,  torsion  and  shear  are  shown  in  FIGURE  B-13.  To  study 
the  effect  of  flexure  on  the  torque-twist  characteristics,  the  torque- 
twist  curves  were  grouped  and  are  shown  in  FIGURES  4-11  through  4-13. 

(i)  Load -Deflection  Characteristics 

Deflections  were  measured  after  every  increment  of  the  trans¬ 
verse  load  until  the  desired  transverse  load  was  attained.  Deflections 
were  measured  at  each  end  and  at  the  center  of  the  gage  length  for  beams 
tested  in  combined  bending  and  torsion  as  shown  in  FIGURE  3-2.  The 
graphs  of  the  deflection  at  the  middle  of  the  gage  length  relative  to 
the  ends  of  the  gage  length  versus  the  transverse  load  are  given  in 
FIGURE  B-12.  For  the  beams  tested  in  combined  bending,  torsion  and 
shear,  the  deflections  were  measured  at  four  points  as  indicated  in 
FIGURE  3-3.  The  graphs  of  the  deflections  at  these  four  points  versus 
the  transverse  load  are  given  in  FIGURE  B-13,  Appendix  B. 

( i i )  Torque-Twist  Characteristics 

The  torque-twist  curves  are  given  separately  for  each  beam  in 
FIGURES  B-12  and  B-13,  Appendix  B  and  are  grouped  in  FIGURES  4-11  through 
4-13.  In  the  case  of  plain  concrete  beams,  flexure  seemed  to  have  no  definite 
effect  on  the  torque-twist  curves.  In  the  case  of  reinforced  concrete 
beams,  the  presence  of  higher  transverse  load  tended  to  reduce  the  initial 
slope  of  the  torque-twist  curve.  This  effect  is  discussed  further  in 


Section  6-7 . 
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FIGURE  4-11  TORQUE -TWIST  CHARACTERISTICS  FOR  BEAMS  IN  GROUP 
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FIGURE  4-12  TORQUE  -  TWIST  CHARACTERISTICS  FOR  BEAMS  IN  GROUPS  B  THROUGH 
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FIGURE  4-13  TORQUE -TWIST  CHARACTERISTICS  FOR  BEAMS  IN  GROUPS  F  THROUGH 
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CHAPTER  V 


ANALYSIS  OF  TORSIONAL  STRENGTH 

5-1  Introductory  Remarks 

The  objective  of  the  analysis  presented  in  this  chapter  is  to 
determine  the  torsional  strength  of  plain  and  reinforced  concrete  sections 
in  pure  torsion  and  in  combined  loading.  The  analysis  for  the  case  of 
pure  torsion  is  presented  first.  It  is  then  extended  to  the  general 
case  of  combined  loading. 

The  distribution  of  stresses  in  a  reinforced  concrete  beam  sub¬ 
jected  to  combined  loading  is  of  a  complex  nature.  The  complexity  of  the 
distribution  of  stresses  is  further  increased  after  the  specimen  suffers 
large  scale  cracking.  An  analysis  based  on  the  elastic  theory  has  been 
presented  by  Cowan  (1953)  which  may  be  used  with  some  approximation  upto 
the  stage  of  large  scale  cracking.  However,  such  an  analysis  based  on  the 
elastic  theory  is  unsuitable  for  computing  the  ultimate  strength. 

An  ultimate  strength  analysis  is  developed  in  this  chapter.  The 
analysis  begins  by  assuming  the  value  of  the  flexural  moment  acting  on 
the  beam.  The  twisting  moment  necessary  to  produce  collapse  can  then  be 
calculated  by  the  use  of  the  analysis  given  in  this  chapter.  The  analysis 
is  simple  and  direct.  It  involves  no  trial  and  error  if  the  level  of  the 
flexural  moment  is  known  or  can  be  assumed. 

The  assumptions  made  in  the  analysis  are  given  in  the  next 
section.  Most  of  these  assumptions  are  based  on  the  observations  reported 
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in  CHAPTER  IV.  Others  have  been  introduced  for  simplicity. 

5-2  Assumptions  of  Analysis 

The  following  assumptions  have  been  made  in  the  analysis: 

(1)  The  torsional  strength  of  a  reinforced  concrete  section  is  the  sum 

of  the  strength  of  the  equivalent  plain  concrete  section  and  the  contribu¬ 
tion  of  steel  to  the  torsional  strength. 

(2)  There  is  a  redistribution  of  stresses  before  failure.  The  extent  of 
this  redistribution  is  indicated  in  Assumpt ions  5  and  7  below.  It  is  dis¬ 
cussed  further  in  Section  7-5. 

(3)  The  apparent  unit  torsional  strength  of  concrete  is  determined  accord¬ 
ing  to  Cowan's  theory  of  failure  under  combined  stresses  presented  in 
Appendix  C. 

(4)  The  stresses  in  any  tie,  which  is  intersected  by  a  potential  failure 
crack,  is  in  the  yield  range  at  failure  provided  adequate  longitudinal 
steel  exists  at  the  top  and  the  bottom. 

(5)  The  contribution  of  steel  to  the  torsional  strength  is  governed  by 
the  yielding  of  the  top  steel  or  the  bottom  steel  or  the  transverse  steel, 
whichever  occurs  first. 

(6)  The  longitudinal  bars  give  rise  to  lateral  forces  which  contribute 
to  the  torsional  strength.  This  contribution  is  limited  to  the  torque 
produced  by  the  maximum  distributed  lateral  forces  that  the  longitudinal 
bars  can  resist  as  cantilevers  with  a  span  equal  to  the  spacing  of  the 
ties.  The  bars  are  assumed  to  develop  their  full  plastic  moments  pro¬ 
vided  adequate  lateral  support  is  provided  by  the  ties. 

(7)  The  flexural  compression  is  assumed  to  be  uniformly  distributed  over 
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an  area  equal  to  one-fourth  of  the  area  of  cross-section  of  the  beam. 

(8)  The  twisting  moment  reduces  the  lever  arm,  jd,  of  the  internal 
flexural  moment  due  to  splitting  of  concrete  on  the  top.  The  variation 
in  the  lever  arm  is  assumed  to  be  linear  over  the  entire  range  from  pure 
flexure  to  pure  torsion. 

The  first  assumption  is  the  same  as  made  by  Cowan  (1950)  in 
his  analysis  of  torsional  strength  of  reinforced  concrete  beams.  Ernst 
(1957)  believed  that  at  ultimate  torque,  the  contribution  of  concrete 
recedes  in  importance.  However,  on  account  of  the  greater  toughness  and 
consequently  greater  redistribution  of  stresses  in  reinforced  concrete 
sections,  it  can  be  assumed  that  the  concrete  continues  to  contribute  a 
torque  resistance  equal  to  that  of  the  equivalent  plain  concrete  section. 

The  second  assumption  is  supported  by  the  extensive  tests  by 
Nylander  (1945),  Gardner  (1960)  and  the  present  tests. 

The  third  assumption  deals  with  Cowan's  theory  of  failure  of 
concrete  under  combined  stresses.  This  theory,  which  combines  the  Rankine ' s 
principal  stress  theory  with  the  Coulomb's  internal  friction  theory,  was 
found  to  lead  to  satisfactory  correlation  with  test  results.  The  theory  is 
simple  and  offers  a  physical  interpretation  of  the  mechanism  of  failure 
of  concrete  under  combined  stresses. 

The  fourth  assumption  is  strongly  supported  by  Chinenkov ' s  tests 
and  also  by  the  test  results  presented  in  CHAPTER  IV. 

The  fifth  assumption  is  supported  by  test  results  presented  in 
CHAPTER  IV.  This  becomes  evident  when  the  torsional  strengths  of  Beams 
G-4  and  H-4  are  compared.  This  is  discussed  further  in  Section  7-5. 

The  sixth  assumption  is  based  on  the  observation  that  for 
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identical  transverse  steel,  an  increase  in  longitudinal  steel  results 
in  an  increased  ultimate  torque.  This  is  evident  by  comparison  of  the 
torsional  strengths  of  Beams  C-4  and  D-4.  The  increase  in  torsional 
strength  decreases  as  the  tie  spacing  increases  and  for  large  tie  spacing, 
this  increase  is  negligible  (Ernst,  1957). 

Assumptions  7  and  8  have  been  introduced  for  simplicity.  The 
stress  in  the  compressed  concrete  is  believed  to  become  fairly  uniform 
as  failure  is  approached.  Chinenkov  (1959)  stated  that  an  exact  determina¬ 
tion  of  the  depth  of  the  compression  zone  at  failure  under  combined  load¬ 
ing  is  difficult  because  of  the  splitting  of  the  concrete  in  the  compression 
zone  due  to  torsion.  Gesund  and  Boston  (1964)  stated  that  from  considera¬ 
tion  of  the  statical  equilibrium,  it  is  likely  that  only  about  one-fourth 
of  the  cross-sectional  area  of  a  beam  is  in  compression. 

The  last  assumption  deals  with  the  reduction  of  lever  arm  due  to 
torsion.  Gesund  and  Boston  (1964)  have  indicated  the  possibility  of  great 
reduction  in  lever  arm  due  to  torsion.  Chinenkov  (1959)  gave  sketches 
showing  non-cracked  concrete  under  the  action  of  combined  bending  and 
torsion.  The  zone  of  flexural  compression  tends  to  shift  from  the  top 
towards  the  center  of  the  cross-section  as  the  ratio  of  torsion  to  flexure 
varies  from  zero  to  infinity.  The  exact  nature  of  the  variation  of  lever 
arm  is  not  known.  The  linear  law  is  assumed  for  simplicity. 

5-3  Pure  Torsion 
(i)  Plain  Concrete 

The  torsional  strength  of  plain  concrete  is  governed  by  the  ten¬ 
sile  strength  of  concrete.  In  the  case  of  pure  torsion,  the  unit 
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torsional  strength  of  plain  concrete  '~\,q  may  taken  equal  to  the 

v 

tensile  strength  of  concrete  in  direct  tension  as  discussed  in  Section 
6-2.  Hence  the  torsional  strength  of  a  plain  concrete  section  is  given 
by  Equations  (5-1) . 


T  = 
xco 

kpb2d0  to  =  kpbodoft  (5-1) 

where  Tco  = 

torsional  strength  of  a  plain  concrete  section 

in  pure  torsion 

kP 

coefficient  for  the  fully  plastic  section  in  torsion 

1  (1.  .  1*0  ) 

2  3  do  ; 

bo  = 

overall  width  of  the  rectangular  section 

do  = 

overall  depth  of  the  rectangular  section 

ii 

unit  torsional  strength  of  plain  concrete  in  pure 

torsion 

Ml 
rt  - 

II 

tensile  strength  of  concrete  in  direct  tension 

Since  the  form  of  the  following  equation  based  on  elastic 
theory  is  identical  to  that  of  Equation  (5-1),  the  same  value  of  Tco 


may  be  obtained 

from  two  essentially  different  theories  by  proper  choice 

of  the  value  of 

to- 

H 

o 

o 

n 

kebodo  to 

where  ke  = 

coefficient  for  the  elastic  section  in  torsion 

(ii)  Reinforced  Concrete 

The  ultimate  twisting  moment  for  a  reinforced  concrete  section 
subjected  to  pure  torsion  is  given  by  the  following  equation. 
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T„_  =  T„  +  T 
UO  CO  s 


(5-2) 


where  TCQ  =  torsional  strength  of  plain  concrete  section  in  pure 


torsion  as  given  by  Equation  (5-1), 


and  Tg  =  total  torsional  resistance  of  steel 


(5-3). 


The  total  torsional  resistance  of  steel  is  given  by  Equation 


T  =  T 


s  1 


+  T 


s2 


(5-3) 


where  T_i  and  T  _  are  the  contributions  of  the  transverse  steel  and 
si  s  L 

the  longitudinal  steel  respectively  to  the  torsional  strength. 

The  contribution  of  the  transverse  steel,  Tg^  ,  is  determined 
from  the  number  of  ties  intersected  by  a  potential  failure  crack  on  the 
faces  of  the  beam.  The  twisting  moment  produces  a  state  of  pure  shear 
giving  rise  to  diagonal  tension  at  45°  to  the  axis  of  the  beam.  The 
diagonal  tension  has  equal  components  in  longitudinal  and  transverse 
directions.  The  ties  intersected  by  a  potential  failure  crack  would  reach 
the  yield  point  at  ultimate  torque  provided  enough  longitudinal  steel 
exists  both  at  the  top  face  and  at  the  bottom  face  to  take  up  the  longi¬ 
tudinal  component  of  diagonal  tension.  If  enough  longitudinal  steel  does 
not  exist  either  at  the  top  or  at  the  bottom,  the  ties  cannot  be  stressed 
to  the  yield  point  and  the  contribution  of  transverse  steel  to  torsional 
strength  is  correspondingly  reduced. 

Let  n^  =  number  of  ties  intersected  by  a  potential  failure  crack 
on  the  longer  side  of  the  rectangle. 
ri2  =  number  of  ties  intersected  by  a  potential  failure  crack 
on  the  shorter  side  of  the  rectangle. 
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Then, 


T  .  =  nna  f  b'  +  n  a  f  d' 
si  1  v  st  2  v  st 


(5-4) 


where  b'  and  d'  =  width  and  depth  of  the  tie  on  the  center  lines 

of  the  legs 

ay  =  area  of  cross-section  of  one  leg  of  the  tie 
f  .  =  stress  in  the  transverse  steel  as  given  below 

o  L 

It  is  assumed  that  the  ties  would  yield  only  if  the  yield  loads 
of  the  top  and  bottom  longitudinal  bars  are  not  less  than  the  yield  load  of  the 
t ies .  Hence, 


fgt  =  fyt  ,  the  yield  stress  of  transverse  steel  if 

A  .f  >>(nn  +  n0)  a  f  ,  and 
s  y^  1  2  v  yt 


A'  .f  '^(n  +  n9)  a  f 

s  y'  1  2  v 


yt 


(5-5) 


where  Ag  =  area  of  the  bottom  longitudinal  steel 

A'  =  area  of  the  top  longitudinal  steel 
s 

f  =  yield  stress  of  the  bottom  longitudinal  steel 
fy  =  yield  stress  of  the  top  longitudinal  steel 
The  above  two  inequalities  ensure  that  sufficient  longitudinal 
forces  can  be  mobilised  both  at  the  top  face  and  at  the  bottom  face  of  the 
beam  to  develop  the  full  yield  stress  in  the  transverse  steel.  However,  if 
either  one  or  both  of  the  above  inequalities  are  violated,  fgt  is  linearly 
reduced.  This  is  expressed  by  Equations  (5-6)  . 


or 


£st  ■  fyt 


£st  £yt 


Vi 


(n  +n  )  a  f 

1  2  v  yt  J 


(5-6) 


A  '  f ' 
As  ry 


(n.+n  )  a  f 
12  v  yt 


whichever  is  smaller.  Equations  (5-6)  indicate  that  the  stress  developed 


in  the  transverse  steel  is  governed  by  the  yielding  of  either  the  bottom 
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steel  or  the  top  steel,  whichever  occurs  first. 

The  twisting  moment  has  a  tendency  to  bend  the  longitudinal 
bars  in  the  lateral  direction,  giving  rise  to  lateral  forces  at  each  longi¬ 
tudinal  bar.  The  contribution  of  longitudinal  steel,  T  2  ,  appears  mainly 
to  be  a  function  of  the  size  and  position  of  longitudinal  bars  and  the  tie 
spacing.  Tests  (Ernst,  1957)  have  shown  that  for  large  tie  spacing,  the  gain 
in  torsional  strength  due  to  a  higher  proportion  of  longitudinal  steel  is 
negligible.  Since  the  actual  action  of  longitudinal  bars  is  very  complex, 
some  idealisation  is  necessary.  An  idealised  model,  which  assumes  that  the 
longitudinal  bars  act  as  cantilevers  with  a  span  equal  to  tie  spacing,  was 
found  to  give  a  close  agreement  with  test  results.  In  majority  of  cases,  T 

s  z 

is  small  and  may  even  be  ignored  in  a  conservative  analysis  of  torsional 
strength . 

The  idealised  action  of  longitudinal  bars  is  illustrated  in 

FIGURE  5-1.  Referring  to  Assumption  (6)  of  Section  5-2, 

T  9  =  2  F.r  (5-7) 

s  2 

where  F  =  lateral  force  developed  by  a  longitudinal  bar 

r  =  distance  of  the  longitudinal  bar  from  the  axis  of  the  beam. 
The  summation  is  taken  for  all  the  longitudinal  bars.  The  lateral  force, 

F  ,  is  given  by  Equation  (5-8). 

F  =  2mp/s  (5-8) 

where  nip  =  fully  plastic  moment  of  a  longitudinal  bar 

=  plastic  section  modulus  of  the  bar  times  the  yield 
stress  of  the  bar  material 

s  =  spacing  of  the  ties 

The  lateral  force,  F  ,  as  given  by  Equation  (5-8),  can  be 
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LONGITUDINAL  BAR 


TS2  *  Frr1  ♦  F2’r2  +  F3r3  *  F4  'r4 
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•  r 


(5-7) 


FIGURE  5-1  CANTILEVER  ACTION  OF  LONGITUDINAL  BARS 
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developed  only  if  the  ties  provide  adequate  lateral  support  to  the 
longitudinal  bar.  The  lateral  force,  F  ,  induces  shear  force  and  pro¬ 
bably  some  bending  in  the  tie  at  failure.  The  tie  also  carries  direct 
tension  due  to  torsion.  The  determination  of  the  capacity  of  the  tie  to 
provide  lateral  support  under  the  action  of  combined  shear,  flexure  and 
direct  tension  is  extremely  complex.  Using  the  von  Mises-Hencky  Yield 
Criterion  for  yielding  under  pure  shear  and  assuming  the  shear  capacity 
of  the  tie  to  be  reduced  to  half  due  to  the  presence  of  flexure  and  direct 
tension,  the  maximum  value  of  F  may  be  limited  by  Inequality  (5-9) . 


F  /  fxJzt  (5-9) 

^  2  /3 

Ernst  (1957)  has  indicated  that  the  failure  changes  from 
diagonal  tension  type  to  hybrid  shear  (compres sion) type  for  large  amounts 
of  longitudinal  and  transverse  steel.  The  upper  limit  of  torsional  strength, 
computed  from  Equation  (5-2),  may,  therefore,  be  taken  as  given  by  Equation 
(5-10)  , 


where 


TUO  kp^O^O  vc 


(5-10) 


unit  transverse  shearing  strength  of  concrete 


The  true  shearing  strength  of  concrete  is  difficult  to  assess.  A  value 
equal  to  three  times  the  unit  torsional  strength  of  plain  concrete,  ^  Q  , 

I 

is  considered  somewhat  conservative.  If  this  value  of  vc  is  assumed, 
Equation  (5-10)  limits  the  torsional  strength  of  a  reinforced  concrete 
section  to  three  times  the  torsional  strength  of  the  equivalent  plain 
concrete  section.  The  tests  in  this  investigation  and  those  reported  by 
Ernst  (1957)  have  shown  that  the  torsional  strength  of  sections  with  fairly 
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large  longitudinal  and  transverse  steel  was  less  than  three  times  the 
torsional  strength  of  equivalent  plain  concrete  section. 


5 -4  Combined  Bending  and  Torsion 

(i)  Plain  Concrete 

Pure  bending  produces  merely  a  stress  gradient  in  concrete. 

The  net  axial  force  on  the  whole  concrete  section  is  zero.  Besides,  the 
stresses  due  to  flexure  are  small  being  limited  in  magnitude  to  the  tensile 
strength  of  concrete.  Theoretically,  there  is  some  gain  in  the  torsional 
strength  for  the  portion  of  concrete  which  is  in  flexural  compression  and 
some  loss  in  the  torsional  strength  for  the  portion  of  concrete  which  is 
in  flexural  tension.  The  above  two  effects  tend  to  cancel  each  other. 
Besides,  each  effect  is  small  since  the  flexural  stresses  in  a  plain 
concrete  beam  are  small.  Hence,  the  torsional  strength  of  a  plain  concrete 
section  is  not  significantly  affected  by  the  presence  of  flexural  moment. 
This  is  in  conformity  with  the  test  evidence  in  this  investigation.  Hence 
the  torsional  strength  may  be  computed  from  Equation  (5-1) . 

(ii)  Reinforced  Concrete 

As  in  the  case  of  pure  torsion,  the  torsional  strength  of  beams 
subjected  to  combined  bending  and  torsion  is  assumed  to  be  the  sum  of  the 
torque  resistances  offered  by  the  concrete  and  the  steel.  This  is  ex¬ 
pressed  by  Equation  (5-11)  . 


where 


T  =  T  +  t 
u  c  ^  s 

T^  =  ultimate  torque  of  a 


(5-11) 

reinforced  concrete  section  in 


combined  loading 
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Tc  =  torsional  strength  of  concrete  in  combined  loading 
Tg  =  total  torsional  resistance  of  steel 

The  torque  resistance  offered  by  concrete  is  the  sum  of  the  torques  resisted 
by  the  concrete  compressed  due  to  flexure  and  that  resisted  by  the  non- 
compressed  concrete. 

Tc  =  Tcl  +  Tc2  <5-12> 

where  T  ^  =  torsional  strength  of  compressed  concrete 

Tc2  =  torsional  strength  of  non-compressed  concrete 

An  exact  analysis  of  the  torsional  resistance  of  a  reinforced 
concrete  section  with  flexural  cracks  is  not  possible.  Hence  in  the 
following  analysis,  an  approximation  has  been  introduced  by  using  the 
modified  sand  heap  analogy  as  indicated  in  FIGURES  5-2  and  5-3. 

From  mechanics  of  simple  flexure, 

Total  tension  =  Total  compression 

Asfs  =  C  =  %  (5-13) 

s  s  jd 

where  =  ultimate  bending  moment  in  combined  bending  and 

torsion 

jd  =  lever  arm 

C  =  total  flexural  compression 

fs  =  stress  in  bottom  longitudinal  steel  due  to  flexure 
The  value  of  the  lever  arm,  jd  ,  is  assumed  to  depend  on  the 
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FIGURE  5-2  CROSS-SECTIONAL  DIMENSIONS 


(a)  CASE  1 
d,  >  1/2 b„ 


(b)  CASE  2 
d,  <  1/2  b0 


FIGURE  5-3  MODIFIED  SAND  HEAP  ANALOGY 
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k.  =  !U"-  (5-14) 

1  Muo 

where  My  =  ultimate  bending  moment  in  combined  bending  and 

torsion 

Muo  =  assumed  ultimate  moment  in  pure  bending  =  0.9  Asfy  .  d 

For  the  case  of  pure  bending  (k-^  =  1)  ,  the  value  of  j  is  of  the  order 
of  0.9.  As  the  value  of  k-^  decreases,  the  zone  of  compressed  concrete 
shifts  downwards  due  to  the  splitting  of  the  concrete  on  the  top.  Hence 
the  value  of  jd  decreases.  In  the  case  of  a  very  low  value  of  k^  ,  the 
compressed  concrete  is  close  to  the  center  of  the  section.  Assuming 
d/dQ  =  0.9  , 

Lim  (j)  =  -Q--5~-Q---1  =  k  =  0.45  (5-15) 

kx->0  J  0.9  9 


As 


suming  a  linear  variation  of  j  for  the  range  k^  =  0  to  k^  =  1  , 


j  =  0.45  (1  +  kx)  <  0.9 


(5-16) 


The  average  compressive  stress  in  the  zone  of  compressed  concrete  is  given 
by  Equations  (5-17) . 


cr  = 


4C 


dl  bo 


d  b 
o  o 


(5-17) 


where  d^  =  depth  of  compressed  concrete 


Depending  upon  the  magnitude  of  O"  ,  the  compressed  concrete  may  fail 
due  to  cleavage  (tension)  or  shear  (compression) .  The  critical  value  of 
O'  ,  at  which  the  failure  changes  from  one  type  to  another,  is  shown 
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in  Appendix  C  as: 


2  to 

l-sin37° 


(5-18) 


The  apparent  unit  torsional  strength  of  the  compressed  con¬ 
crete  may  be  determined  by  Equations  (5-19)  or  (5-20) . 

For  cleavage  (tension)  failure  - 


Ti  ■  J  <«+  %>  )  % 


(5-19) 


For  shear  (compression)  failure  - 


% =  Jr2  - (o72) 


(5-20) 


where 


R  = 


—  f A  (cosec  37°  - 

2 


1)  +  S' 
2 


sin  37° 


f£  =  compressive  strength  of  concrete 


The  modified  sand  heap  analogy  for  the  case  of  combined  bending 
and  torsion,  shown  in  FIGURE  5-3,  is  used  for  determining  T  .  The  analogy, 
as  outlined  below,  is  approximate.  It  involves  a  stress  discontinuity  at 
the  junction  of  the  compressed  concrete  and  the  non-compressed  concrete. 

The  sand  heap  is  assumed  to  consist  of  two  parts.  The  sand  heap  in  the 
portion  of  the  cross-sectional  area,  which  corresponds  to  the  zone  of  com¬ 
pressed  concrete,  is  assumed  to  have  a  steeper  slope  than  that  of  the  sand 
heap  over  the  remaining  area.  There  are  two  cases  as  indicated  below. 

(a)  Case  1 

This  case  is  shown  in  FIGURE  5-3(a) .  Taking  the  torque  equal  to  twice  the 
volume  of  the  sand  heap  and  replacing  the  slopes  0^  and  ©2  by  the  analogous 
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unit  torsional  stresses  ^  and  r[^  for  the  compressed  and  the  non- 
compressed  concrete  respectively,  Equation  (5-21)  is  obtained. 

TC  -  \  bo  <dl  -  \  V  T^l  +  |  bo  <d2  -  \  bo)  t2  (5-21) 


where  d^  and  d^  are  the  depths  of  the  compressed  concrete  and  the  non- 
compressed  concrete  respectively. 

(b)  Case  2  d-^<^-i  bQ 

This  case  is  shown  in  FIGURE  5-3(b) .  Proceeding  as  in  case  1,  Equation 
(5-22)  is  obtained. 


T 


c 


2 

o 


(d 


2 


O)  o 


(5-22) 


The  torque  resistance  due  to  steel  is  given,  as  in  the  case 
of  pure  torsion,  by  Equation  (5-3) . 


T 

s 


(5-3) 


where  T  0 
s2 

Equation 


is 

(5-4) 


given  by  Equations  (5-7) 
also  holds 


=  n,a  f  b 1  +  n0a  f  d ' 
1  v  st  2  v  st 


through  (5-9) . 


(5-4) 


However,  the  capacity  of  the  longitudinal  bars  to  resist  the  longitudinal 
component  of  diagonal  tension  and  diagonal  compression  due  to  torsion  is 
affected  on  account  of  the  presence  of  bending  moment.  Hence  Inequalities 
(5-5)  are  modified  to  include  the  effect  of  flexure  as  indicated  below. 
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As  <fy  -  fs^(nl  +  n2>  avfyt  »  and 

AS  (fy  ±  fi)^  (nx  +  n2)  avfyt  (5-23) 

where  f  =  stress  in  the  bottom  longitudinal  steel  due  to 

flexure 

fg  =  stress  in  the  top  longitudinal  steel  due  to  flexure 
=  n  cr 

n  =  modular  ratio 


In  the  second  of  Inequalities  (5-23),  the  plus  sign  applies  for  cleavage 
(tension)  failure  and  the  minus  sign  for  shear  (compression)  failure  of 
the  compressed  concrete.  The  above  two  inequalities  ensure  that  sufficient 
longitudinal  forces  can  be  mobilised  both  at  the  top  face  and  at  the  bottom 
face  of  the  beam  to  develop  the  full  yield  stress  in  the  transverse  steel. 
However,  if  either  one  or  both  of  the  above  inequalities  are  violated, 


or 


As  (fy  ~  f s ) 

(ni+n2)  avfyt 

AS  (fy  +  fs) 

(n1+n2)  avfyt 


(5-24) 


whichever  is  smaller.  The  plus  sign  in  the  latter  equation  applies  in 
the  case  of  cleavage  (tension)  failure  and  the  minus  sign  applies  in 
the  case  of  shear  (compression)  failure  of  the  compressed  concrete. 
Equations  (5-24)  indicate  that  the  stress  developed  in  the  transverse 
steel  is  governed  by  the  yielding  of  the  bottom  steel  or  the  top  steel, 


whichever  occurs  first. 
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5 -5  Combined  Bending,  Torsion  and  Shear 

The  shearing  stresses  due  to  transverse  shear  and  torsion  are 
of  the  same  sign  on  one  side  of  the  beam  and  of  the  opposite  sign  on  the 
other  side  of  the  beam.  Nylander  (1945)  assumed  that  the  strength  of  a 
beam  in  combined  torsion  and  shear  is  obtained  by  equating  the  sum  of  the 
shear  stresses  due  to  torsion  and  transverse  shear  to  the  tensile  strength 
of  concrete. 

1=  1o  -  vu  (5-25) 

where  %  =  apparent  unit  torsional  strength  in  combined  torsion  and 

transverse  shear 

=  unit  torsional  strength  of  plain  concrete  in  pure  torsion 
=  tensile  strength  of  concrete  in  direct  tension 
vu  =  nominal  ultimate  shear  stress  due  to  transverse  shear 

in  combined  loading 


The  beams  tested  by  Nylander  had  no  transverse  steel.  The 
beams  presumably  had  no  ductility  and  the  strength  was  governed  by  the 
most  unfavorable  stress  combination. 

In  the  case  of  combined  bending,  torsion  and  transverse  shear, 


(  2"  O'  + 


/I  x2 

(jcr) 


±  v 


u 


(5-26) 


The  plus  sign  applies  to  the  stress  condition  on  the  side  of  the  beam 
where  the  shear  stresses  due  to  torsion  and  transverse  shear  have  opposite 
sign  and  the  minus  sign  applies  to  the  stress  condition  on  the  other  side 
of  the  beam.  Equation  (5-26)  shows  that  the  apparent  unit  torsional 
strength  is  increased  on  one  side  of  the  beam  and  decreased  on  the  other 
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side.  If  sufficient  transverse  steel  is  provided  to  prevent  a  transverse 
shear  failure,  there  will  be  redistribution  of  stresses  tending  to  equalize 
the  stresses  on  the  two  sides  of  the  beam.  If  significant  redistribution 
of  stresses  occurs,  the  torsional  strength  may  not  be  appreciably  reduced 
due  to  the  presence  of  transverse  shear. 
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CHAPTER  VI 


EVALUATION  OF  TEST  RESULTS 


6-1  Introduction 


The  analysis  developed  in  the  preceding  chapter  was  used  for 
predicting  the  torsional  strength  of  166  beams.  Of  these  beams,  68  were 
tested  by  the  author  and  98  by  other  investigators  as  indicated  below, 
(i)  Pure  torsion 

No.  of  beams  Total 

This  investigation  9 


Andersen 

(1935) 

26 

Ernst 

(1957) 

18 

Author* 

(1963) 

30 

Author** 

(1964) 

4 

87 

(ii)  Combined  loading 


This  investigation 

25 

Ny lander  (1945) 

16 

Cowan  and  Armstrong  (1955) 

5 

Chinenkov  (1959) 

13 

Gesund  and  Boston  (1964) 

8 

Gesund,  Schuette,  Buchanan 

and  Gray  (1964) 

12 

79 

Total 

166 

The  analytical  and  the  test  results  are  presented  in  TABLES  6-2  through 

6-12. 


*  Pandit,  G.S.,  "Torsion  in  Concrete  Sections",  M.Sc.  Thesis,  University 
of  Alberta,  1963. 

**  Not  published 
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6-2  Tensile  Strength  of  Concrete 

In  most  cases,  the  torsional  strength  of  plain  and  reinforced 
concrete  is  governed  by  the  tensile  strength  of  concrete.  However,  the 
tensile  strength  of  concrete  is  one  of  the  most  elusive  properties  of  con¬ 
crete.  Various  tests  have  been  devised  for  determining  the  tensile  strength 
of  concrete  but  all  these  tests  have  certain  shortcomings  and  limitations 
(Wright,  1955).  Several  investigators  have  presented  empirical  expressions 
relating  the  compressive  strength,  the  tensile  strength  and  the  modulus  of 
rupture.  Due  to  variety  of  testing  procedures  and  materials  involved, 
these  empirical  relationships  are  often  of  limited  application. 

The  tensile  strength  of  concrete  also  appears  to  depend  on  the 
stress  condition.  McHenry  and  Kami  (1958),  on  the  basis  of  their  tests 
on  hollow  cylinders  subjected  to  internal  fluid  pressure  and  axial  com¬ 
pression,  stated  that  the  tensile  strength  is  reduced  by  an  orthogonal 
compressive  stress.  These  investigators  found  the  relationship  between 
stresses  at  failure  to  be  nonlinear.  Gardner  (1960)  stated  that  the  direct 
compressive  stress  has  two  opposing  effects:  (i)  it  reduces  the  principal 
tensile  stress,  which  occurs  as  a  result  of  shear  stress,  and  (ii)  it  may 
reduce  the  ability  of  concrete  to  withstand  this  tensile  stress. 

A  number  of  empirical  relationships  connecting  the  compressive 
strength  and  the  tensile  strength  of  concrete  have  been  suggested.  Most 
of  them  are  of  the  following  form. 

ft  -  k  (fp”  (6-D 

in  which  k  and  m  are  constants.  Cowan  and  Armstrong  (1955)  used  the 


following  relationship. 


30  '1  I  n  »  Tq  v/i‘aj-1  :i  laic:  *ri3  ,  O^iSO  3*o  ^ 

M  3  o  '  .roJH  •  •  ',3  ori:  ^  i  snw/o:  8  o.iononoo 


Mar.jila  aria  gn  r  onoaob  iol*  bo *ivob  noori  avi.rt  ale**J  suoiiaV 

i.  bn  ni  :  no  n  taioo  ovi  a-1  *3  oasria  XX  aud  oaoionoo  io 


to  t  !  iioui  eri:i  bn;  rfign^  *i3  oX vanoi  aria  trf3gnsn}B  avia  »KTmo3  aria  gnl3Bloi 


•  r  i J  ,m  1  x.  ks  uf  do-t,  g-iaata  a  va*  tit/  oa  auQ  .oxuiqui 


.no  i  qqiu  b^ai  iJtl  io  nsaio  oxfc  aqirfa  olaaXai  laoliiq-.j  aearia 


isq«  boas’  o  f  t  ta’ionoo  lo  s  3yn^r3  os  urn  e.-iT 

,nol3lbnoo  88*i3o 


•  t <  i  Inn.  -3nt  oa  ova  ■»;  la  t  i&i>t  t'<o  ol !  on  no 


ubB3  *i  rfagnoiae  »XifciH  aria  aaria  boiBaa  .noiasoiq 


taaoia-d  lusri*  o  aluaoi  ?  i  eiuooo  rio^riv.  ,880  38  ol  ansJ 


.orsoi  i  rjfwoXXo)  oria  ,o  ai&  morii  io 


<»*> 51  *  i* 

m  i  ?b  ttwOv 


69 


fjl  =  1.2  (cube  crushing  strength) 


2/3 


(6-2) 


The  European  Concrete  Committee  proposed  the  following  equation. 


Modulus  of  rupture  =9.5  (f^)^*^ 


(6-3) 


Gonnerman  and  Shuman  (1928)  presented  Equation  (6-4) 


fd  =  0.68  (fc)0-75 


(6-4) 


Sozen,  Zwoyer  and  Siess  (1959)  suggested  the  following  empirical  relation¬ 
ship  . 


3,000 


(6-5) 


Modulus  of  rupture  = 


Wright  (1955)  found  that  indirect  tension  tests  (Carneiro,  1947)  on 
6  x  12-in.  cylinders  give  values  of  tensile  strength  of  the  order  of  3/2 


times  those  obtained  by  direct  tension  tests  and  of  the  order  of  2/3  of 


the  values  of  modulus  of  rupture  of  4-in.  beams  tested  under  third-point 


loading.  He  also  found  that  cylinders  tend  to  give  more  uniform  results 
than  the  other  types  of  tensile  test,  but  give  less  uniform  results  than 
the  compression  test.  Wright  believed  that  on  account  of  the  favourable 
redistribution  of  stress,  the  tensile  strength,  as  determined  by  flexure 
tests  on  beams  and  indirect  tests  on  cylinders,  is  greater  than  the  true 
tensile  strength  of  concrete. 


On  account  of  the  greater  uniformity  of  results  of  the  compression 


tests  and  the  indirect  tension  tests,  control  cylinders  were  utilized  for 
the  above  two  types  of  tests.  The  unit  torsional  strength  of  plain  con¬ 
crete  was  taken  as  2/3  of  the  tensile  strength  of  concrete  based  primarily 
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on  the  indirect  tension  tests  on  6  x  12-in.  cylinders.  This  implied,  in 
accordance  with  Wright's  findings,  that  the  unit  torsional  strength  of 
plain  concrete  was  taken  equal  to  the  direct  tensile  strength  of  concrete. 


The  principal  tensile  stress  due  to  torsion  is  accompanied  by  an  orthogonal 
compressive  stress.  The  findings  of  McHenry  and  Kami  (1958)  would,  there¬ 
fore,  seem  to  suggest  a  reduction  in  the  value  of  unit  torsional  strength 
of  plain  concrete  assumed  above.  Since  no  generalized  criterion  involving 
a  reduction  in  the  tensile  strength  due  to  the  existence  of  orthogonal 
compression  was  developed  by  McHenry  and  Kami,  and  also  because  the 
possible  reduction  was  considered  to  be  small,  the  unit  torsional  strength 
of  plain  concrete  was  taken  equal  to  the  strength  in  direct  tension  with¬ 
out  any  reduction. 


(6-6) 


In  order  to  utilize  the  results  of  compression  tests  on 


6  x  12-in.  cylinders,  the  tensile  strength  of  concrete  was  also  calculated 
from  the  compressive  strength.  Using  Wright's  conclusion  that  the  tensile 
strength,  as  determined  by  indirect  test  on  6  x  12-in.  cylinders,  is  2/3 
of  the  modulus  of  rupture,  Equation  (6-3)  gives  the  following  relationship. 


ft  (indirect  test)  =6.33  (fc)^*^ 


(6-7) 


and  the  formula  used  by  Gesund  and  Boston  (1964)  gives  Equation  (6-8) 


ft  (indirect  test)  =  5.33  (f^.)^*^ 


(6-8) 


The  author  in  his  previous  investigation  (Pandit,  1963)  found  Equation 
(6-9)  most  suitable. 
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fjl  (indirect  test)  =  5.7 


(6-9) 


Since  the  value  given  by  Equation  (6-9)  lies  intermediate 
between  those  given  by  Equations  (6-7)  and  (6-8)  and  also  due  to  the 
similarity  of  materials  and  mix  design  used  by  the  author  in  the  present 
and  the  previous  investigations,  Equation  (6-9)  was  used.  The  values  of 
the  tensile  strength  thus  obtained  and  those  determined  directly  from  the 
indirect  tension  tests  on  6  x  12-in.  cylinders  were  averaged.  The  unit 
torsional  strength  of  plain  concrete  was  taken  as  2/3  of  this  average 
value  as  shown  in  TABLE  6-1. 

The  same  procedure  as  outlined  above  was  also  used  for  determining 
the  unit  torsional  strength  of  plain  concrete  for  beams  tested  by  the 
Author  in  his  previous  investigations.  The  values  of  thus  obtained 

are  given  in  TABLES  6-5  and  6-6. 

For  calculating  the  value  of  'Tq  for  beams  tested  by  other 
investigators.  Equations  (6-6)  were  used. 


(6-6) 


The  value  of  m  was  taken  equal  to  0.5  in  all  cases.  The 


value  of  k  was  taken  equal  to  3.8  unless  there  was  adequate  evidence 
to  justify  another  value.  For  beams  tested  by  Andersen  (1935),  a  value 
of  k  equal  to  4.4  was  calculated  from  his  tests  on  six  beams  of  Group 
R  using  the  formula  for  the  fully  plastic  circular  section.  This  value 
was  used  in  TABLE  6-3.  Similarly,  Ernst’s  (1957)  tests  on  three  beams 
without  ties  gave  a  value  of  k  equal  to  3.13.  This  value  was  used  in 


TABLE  6-4. 
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TABLE  6-1 

UNIT  TORSIONAL  STRENGTH  OF  PLAIN  CONCRETE 


Beam 

fc 

psi 

(indirect  test) 

psi 

X 

psi 

A- 1 

4340 

433 

270 

A-2 

4790 

460 

285 

A-3 

4500 

469 

284 

A-4 

5200 

460 

291 

A-5 

5200 

460 

291 

B-l 

4560 

467 

284 

B-2 

4640 

406 

265 

B-3 

4690 

397 

263 

B-4 

5070 

462 

289 

C-l 

4980 

442 

281 

C-2 

4820 

427 

27  5 

C-3 

5340 

502 

307 

C-4 

5800 

497 

311 

D-l 

4880 

449 

283 

D-2 

5100 

441 

283 

D-3 

4650 

441 

277 

D-4 

5080 

416 

275 

E-l 

49 10 

381 

260 

E-2 

5100 

438 

282 

E-3 

4700 

422 

271 

A-6 

5200 

460 

291 

A-7 

4850 

418 

272 

A -8 

3740 

367 

239 

A-9 

3750 

306 

219 

F - 1  and  F-2 

5060 

384 

263 

F-3  and  F-4 

4650 

370 

253 

G - 1  and  G -2 

4560 

357 

247 

G-3  and  G-4 

4920 

348 

249 

H-l  and  H-2 

4450 

352 

244 

H-3  and  H-4 

4830 

350 

249 

)  'i 
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Nylander  (1945),  Cowan  and  Armstrong  (1955)  and  Chinenkov  (1959) 
determined  compressive  strength  of  concrete  from  tests  on  cubes.  The 
ratio  of  the  compressive  strengths  of  6  x  12-in.  cylinders  and  6 -in.  cubes 
cast  from  the  same  batch  of  concrete  was  found  by  Cowan  and  Armstrong  (1955) 
to  be  0.95.  Using  this  result,  the  value  of  Xo  is  given  by  Equation 
(6-10) . 

to  “  ft  =  3.8  (0.95  Cu)0-5  (6-10) 

where  Cu  =  compressive  strength  of  concrete  determined  from 

6-in.  control  cubes. 

Equations  (6-10)  were  used  for  calculating  the  values  of  Xo  in 
TABLES  6-8  through  6-10. 


6-3  Correlation  of  Tests  in  Pure  Torsion 

The  analytical  and  test  results  for  87  beams  tested  in  pure 
torsion  are  given  in  TABLES  6-2  through  6-6.  Forty-three  beams  were 
tested  by  the  author,  9  in  this  investigation  and  34  in  his  previous  in¬ 
vestigations.  Forty-four  beams  included  here  were  tested  by  Andersen  (1935) 
and  Ernst  (1957).  All  data  necessary  for  evaluating  the  torsional  strength 
of  beams  are  given  in  TABLES  6-2  through  6-6. 

The  number  of  ties  cut  by  a  potential  failure  crack  was  based  on 
the  assumption  that  the  torsion  cracks  were  inclined  at  45°  to  the  axis 
of  the  beam.  However,  since  the  crack  can  deviate  slightly,  n-^  and  n2 
were  calculated  using  Equations  (6-11) . 


nl 


n2  = 


2*3 


(6-11) 
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Since  the  potential  failure  crack  is  likely  to  be  the  one 
which  intersects  the  minimum  number  of  ties  and  since  n^  and  ^  must 
be  integers,  the  right  sides  of  Equations  (6-11)  were  rounded  off  to  the 
nearest  smaller  whole  numbers.  For  example,  if  Equations  (6-11)  gave 
n^  =2.7  and  =  1.3,  the  values  of  n-^  and  ^  were  taken  as  2  and  1 
respectively.  The  symbols  for  the  cross-sectional  dimensions  used  in 
Equations  (6-11)  are  explained  in  FIGURE  5-2. 
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*  From  TABLE  6-1 

**  Strength  properties  of  reinforcing  steel  are  given  in  TABLE  A-5,  Appendix 
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*  Using  m  =  4.4  in  Equations  (6-6)  as  discussed  in  Section 
**  Yield  stress:  #4  bars  78.8  ksi,  5/32-in. tie  43.3  ksi 
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6 -4  Correlation  of  Tests  in  Combined  Bending  and  Torsion 

The  analytical  and  test  results  for  67  beams  tested  in  com¬ 
bined  bending  and  torsion  are  given  in  TABLES  6-7  through  6-12.  Thirteen 
beams  were  tested  by  the  author  and  54  by  other  investigators.  All  data 
necessary  for  evaluating  the  torsional  strength  of  beams  subjected  to 
combined  bending  and  torsion  using  the  analysis  presented  in  the  preceding 
chapter  are  given  in  TABLES  6-7  through  6-12. 

The  number  of  ties  intersected  by  a  potential  failure  crack  was 
determined  from  Equations  (6-11).  The  inclination  of  torsion  cracks  with 
the  beam  axis  in  the  zone  in  which  the  concrete  was  not  compressed  by 
flexure  was  observed  to  be  close  to  45°  as  can  be  seen  in  FIGURES  4-1 
through  4-4.  The  inclination  of  torsion  cracks  with  the  beam  axis  in 
the  zone  compressed  by  flexure  was  less  than  45°.  However,  the  value  of 
n.2  is  governed  by  the  number  of  ties  intersected  by  a  torsion  crack  on 
the  bottom  face.  Since  concrete  near  the  bottom  face  does  not  carry 
flexural  compression,  the  use  of  Equations  (6-11)  is  justified.  Chinenkov 
(1959)  also  assumed  a  constant  crack  angle  on  all  sides  of  the  beam  in  his 
computations . 

If  a  beam,  which  has  a  high  percentage  of  tension  steel  and  a 
low  concrete  strength,  is  subjected  to  large  flexural  load,  it  is  possible 
that  the  computed  value  of  the  normal  stress,  c r  ,  based  on  the  assumption 
that  the  area  of  the  compressed  concrete  is  one-fourth  of  the  total  cross- 
sectional  area,  may  be  greater  than  f^  .  This  was  the  case  for  the  first 
five  beams  in  TABLE  6-10.  Since  O'1  cannot  exceed  f^  ,  it  was  taken 
equal  to  f^  ,  and  the  area  of  the  compressed  concrete  was  correspondingly 
increased  to  develop  the  required  flexural  compression. 
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In  the  following  tables,  the  analytical  values  of  ultimate 


torque  are  given  for  =  0  ,  1/2  and  1  where  is  the  ratio  given  by 

Equation  (6-12) . 


(6-12) 


2~  % 


For  the  tests  in  this  investigation,  the  analytical  values  of  the  ultimate 
torque  are  also  given  for  k2  =  3/4  since  this  value  of  k^  gave  a  better 
agreement  between  the  analysis  and  the  test  results.  Assuming  equal 
to  zero  implies  that  the  non-compressed  concrete  is  completely  ignored 
whereas  assuming  k£  equal  to  unity  implies  that  the  torsional  strength 
of  non-compressed  concrete  remains  undiminished  in  spite  of  the  presence 
of  flexural  cracks.  Hence  values  of  k£  equal  to  zero  and  unity  may  be 
expected  to  provide  the  lower  bound  and  the  upper  bound  respectively  of 
the  torsional  strength.  This  is  discussed  further  in  Section  7-2  of 
the  following  chapter. 
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Taken  95%  of  the  compressive  strength  of  6-in  cubes 
Computed  from  Equation  (6-10) 

Cl  =  Cleavage  (tension)  type  failure 

Hy  =  Hybrid:  Shear  (compression)  type  for  the  compressed  concrete  and  cleavage  (tension)  type  for  non -compressed  concrete 
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6 -5  Correlation  of  Tests  in  Combined  Bending,  Torsion  and  Shear 

Twelve  beams  were  tested  by  the  author  in  combined  bending, 
torsion  and  shear.  Three  were  of  plain  concrete  and  nine  were  reinforced 
by  longitudinal  bars  and  transverse  ties.  The  analytical  and  test  re¬ 
sults  for  these  beams  are  presented  in  TABLE  6-13. 

The  torsional  strength  of  plain  concrete  beams  was  calculated 
using  Equation  (5-25)  and  ignoring  the  presence  of  flexure. 

The  torsional  strength  of  reinforced  concrete  beams  was  calculated 
using  the  analysis  for  combined  bending  and  torsion  to  see  whether  trans¬ 
verse  shear  had  any  effect  on  the  torsional  strength.  The  average  value 
of  the  bending  moment  over  the  gage  length  was  used  in  the  computations. 

The  ultimate  shear  force  and  the  nominal  ultimate  shear  stress  computed 
from  Equation  (6-13)  are  given  in  TABLE  6-13. 


V 


u 


vu  = 


bod 


(6-13) 


where  vu  =  nominal  ultimate  shear  stress  due  to  transverse  shear 

in  combined  loading 

V  =  ultimate  shear  force  in  combined  loading 
u 

6-6  Interaction  Diagrams 

The  interaction  diagrams  for  the  beams  tested  in  this  investi¬ 
gation  are  shown  in  FIGURES  6-1  through  6-8.  The  interaction  diagram 
for  Beams  A-l  through  A-5  shown  in  FIGURE  6-l(a)  and  the  corresponding 
non-dimensional  plot  of  FIGURE  6-l(b)  suggest  that  flexure  has  no  signi- 
cant  effect  on  the  torsional  strength  of  plain  concrete  beams.  This  is  in 
conformity  with  the  analysis  presented  in  the  preceding  chapter.  The  inter- 
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action  diagrams  for  the  reinforced  concrete  beams  are  shown  in  FIGURES 
6-2  through  6-8.  The  factors  for  the  non-dimensional  interaction  diagrams 
were  computed  both  from  the  analytical  and  the  test  results.  These 
factors  are  given  in  TABLE  6-14. 

The  interaction  diagrams  for  beams  in  Groups  B  through  E 
tested  in  combined  bending  and  torsion  are  given  in  FIGURES  6-2  through 
6-5.  Two  sets  of  non-dimensional  factors  were  computed:  (i)  Ratio  of 
ultimate  torque  in  combined  loading  to  the  torsional  strength  of  the 
equivalent  plain  concrete  section  in  pure  torsion,  Tu/Tco  ,  and  (ii)  Ratio 
of  ultimate  torque  in  combined  loading  to  the  ultimate  torque  of  the 
section  in  pure  torsion,  Tu/Tuo.  Since  beams  in  the  same  group  had 
identical  reinforcement,  the  values  of  the  ratio  Tu/Tuo  were  obtained 
by  dividing  the  ultimate  torque  of  a  beam  subjected  to  combined  loading 
by  the  ultimate  torque  of  the  last  beam  in  the  same  group  which  was  tested 
in  pure  torsion.  This  involved  some  approximation  due  to  the  variations 
in  bQ  ,  f^  and  r£0  .  The  ratios  Tu/Tco  and  Tu/Tuo  were  calculated  both 
from  the  analytical  and  the  test  results.  The  analytical  and  the  test 
results  were  distinguished  by  superscripts  a  and  t  respectively.  In 
general,  the  interaction  diagrams  based  on  test  results  and  those  based 
on  the  analysis  follow  similar  trends.  The  agreement  is  strikingly  close 
for  beams  in  Groups  D  and  E  as  shown  in  FIGURES  6-2,  6-3  and  6-5. 

The  interaction  between  bending  and  torsion,  based  on  the  analytical 
and  test  results  for  the  beams  in  Groups  F  through  H  tested  in  combined 
bending,  torsion  and  shear,  is  illustrated  in  FIGURES  6-6  through  6-8. 

The  lack  of  a  close  agreement  between  the  analytical  and  test  results 
for  the  beams  in  Group  H  is  due  to  the  underestimate  of  the  term  Tg^  for 
these  beams.  In  reality,  the  flexural  compression  tends  to  increase  the 
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TABLE  6-14 

FACTORS  FOR  NON-DIMENSIONAL  INTERACTION  DIAGRAMS 
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66 

0 

55 

58 

1.05 

55 

1.00 

1.05 

1.00 

1.00 

B-2 

195 

228 

0.86 

67 

72 

1.07 

52 

1.29 

1.38 

0.75 

0.85 

B-3 

110 

228 

0.48 

83 

95 

1.14 

49 

1.69 

1.94 

0.93 

1.12 

B-4 

0 

228 

0 

89 

85 

0.96 

55 

1.62 

1.55 

1.00 

1.00 

C-l 

280 

297 

0.94 

73 

78 

1.07 

51 

1.43 

1.53 

0.54 

0.70 

C-2 

195 

297 

0 .66 

97 

105 

1.08 

53 

1.83 

1.98 

0.72 

0.94 

C-3 

110 

297 

0.37 

127 

111 

0.87 

58 

2.19 

1.91 

0.94 

1.00 

C-4 

0 

297 

0 

135 

111 

0.82 

66 

2.05 

1.68 

1.00 

1.00 

D-l 

637 

823 

0.77 

100 

99 

0.99 

55 

1.82 

1.80 

0.68 

0.68 

D-2 

365 

823 

0.44 

165 

164 

0.99 

55 

3.00 

2.98 

1.11 

1.12 

D-3 

195 

823 

0.24 

157 

156 

0.99 

54 

2.91 

2.90 

1.06 

1.07 

D-4 

0 

823 

0 

148 

146 

0.99 

53 

2.79 

2.76 

1.00 

1.00 

E-l 

195 

228 

0.86 

73 

76 

1.04 

51 

1.43 

1.49 

0.60 

0.63 

E-2 

110 

228 

0.48 

102 

101 

0.99 

55 

1.85 

1.84 

0.84 

0.83 

E-3 

0 

228 

0 

122 

121 

0.99 

53 

2.30 

2.28 

1.00 

1.00 

A -6 

33 

67 

0.49 

53 

52 

0.98 

57 

0.93 

0.91 

1.26 

1.24 

A-7 

41 

62 

0.66 

46 

40 

0.87 

51 

0.91 

0.78 

1.10 

0.95 

A-8 

24 

55 

0.44 

44 

43 

0.98 

47 

0.94 

0.91 

1.05 

1.02 

A-9 

0 

50 

0 

42 

42 

1.00 

42 

1.00 

1.00 

1.00 

1.00 

F-l 

140 

187 

0.75 

67 

58 

0.87 

50 

1.34 

1.16 

0.83 

0.61 

F-2 

95 

187 

0.51 

82 

83 

1.01 

50 

1.64 

1.66 

1.01 

0.87 

F-3 

50 

187 

0.27 

78 

89 

1.14 

49 

1.59 

1.82 

0.96 

0.94 

F-4 

0 

187 

0 

81 

95 

1.17 

48 

1.69 

1.98 

1.00 

1.00 

G-l 

155 

190 

0.82 

71 

73 

1.03 

48 

1.48 

1.52 

0.63 

0.63 

G-2 

95 

190 

0.50 

95 

92 

0.97 

48 

1.98 

1.92 

0.85 

0.80 

G-3 

50 

190 

0.26 

109 

103 

0.94 

48 

2.27 

2.15 

0.97 

0.90 

G-4 

0 

190 

0 

112 

115 

1.03 

48 

2.33 

2.40 

1.00 

1.00 

H-l 

245 

348 

0.70 

65 

74 

1.14 

46 

1.41 

1.61 

1.06 

1. 16 

H-2 

155 

348 

0.45 

62 

84 

1.35 

46 

1.35 

1.83 

1.02 

1.31 

H-3 

80 

348 

0.23 

60 

88 

1.47 

49 

1.22 

1.80 

0.98 

1.38 

H-4 

0 

348 

0 

61 

64 

1.05 

49 

1.24 

1.31 

1.00 

1.00 

Average 

Mean  Deviation 
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FIGURE  6-1  INTERACTION  DIAGRAMS  FOR  BEAMS  A-l  THROUGH 
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FIGURE  6-2  INTERACTION  DIAGRAMS  FOR  BEAMS  IN  GROUPS  B  THROUGH 
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FIGURE  6-3  NON-DIMENSIONAL  INTERACTION  DIAGRAMS 
FOR  BEAMS  IN  GROUPS  B  THROUGH  E 
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FIGURE  6-4  NON- DIMENSIONAL  INTERACTION  DIAGRAMS  FOR 

BEAMS  IN  GROUPS  B  AND  C 
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FIGURE  6-5  NON-DIMENSIONAL  INTERACTION  DIAGRAMS 

FOR  BEAMS  IN  GROUPS  D  AND  E 
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value  of  Tg^  for  Beams  H-2  and  H-3,  which  was  ignored  in  the  analysis. 

The  agreement  between  the  analytical  and  actual  strengths  is  satisfactory 
for  the  beams  in  Groups  F  and  G. 

6-7  Torsional  Stiffness 

The  torque-twist  characteristics  presented  in  FIGURE  4-12 
indicate  that  the  initial  torsional  stiffness  of  a  reinforced  concrete 
beam  was  reduced  due  to  the  presence  of  flexure.  The  reduction  in  the 
initial  torsional  stiffness  was  greater  for  higher  bending  moment.  This 
observation  led  to  the  following  empirical  relation. 

9  =  9°  U  +  )  (6-14) 

where  9  =  angle  of  twist  per  unit  length  per  unit  torque  for  a 

reinforced  concrete  beam  subjected  to  combined  bending 
and  torsion 

0O  =  angle  of  twist  per  unit  length  per  unit  torque  for  the 
reinforced  concrete  beam  subjected  to  pure  torsion 

The  values  of  0  computed  from  Equation  (6-14)  and  those  determined 
from  tests  in  combined  bending  and  torsion  are  given  in  TABLE  6-15.  There 
is  a  fair  agreement  between  the  computed  values  and  the  test  values 
justifying  the  validity  of  Equation  (6-14) . 
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TABLE  6-15 

EFFECT  OF  FLEXURE  ON  TORSIONAL  STIFFNESS 


Beam 

Mu  * 

Muo 

0** 

0 (Test) 

Comput  ed*** 

Test**** 

9  (Computed) 

B-2 

0.86 

2.68 

2.41 

0.90 

B-3 

0.48 

2.13 

1.74 

0.82 

B-4 

0 

1.44 

1.44 

1.00 

C-l 

0.94 

2.15 

2.32 

1.08 

C-2 

0 .66 

1.84 

1.74 

0.95 

C-3 

0.37 

1.52 

1.42 

0.93 

C-4 

0 

1.11 

1.11 

1.00 

D-l 

0.77 

2.32 

3.63 

1.56 

D-2 

0.44 

1.89 

1.22 

0.65 

D-3 

0.24 

1.62 

1.62 

1.00 

D-4 

0 

1.31 

1.31 

1.00 

E-l 

0.86 

2.44 

2.42 

0.99 

E-2 

0.48 

1.94 

1.62 

0.84 

E-3 

0 

1.31 

1.31 

1.00 

*  ,  0  (test) 

Average  value  of  - — 7 - rr  =  0.98 

9  (computed) 


Mean  Deviation  =  0.14 


*  From  TABLE  6-14. 

**  In  radians  per  inch  x  10^  for  a  torque  of  one  in.  kip. 

***  Computed  from  Equation  (6-14)  using  the  value  of  0O 
obtained  from  the  pure  torsion  test . 

****  Determined  from  the  initial  slope  of  the  torque-twist 
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CHAPTER  VII 


DISCUSSION 


7-1  Behavior 

The  behavior  of  plain  and  reinforced  concrete  beams  tested  in 
combined  loading  in  this  investigation  is  reported  in  Section  4-2.  De¬ 
tailed  information  on  the  behavior  of  individual  specimen  is  included  in 
Appendix  B. 

Two  distinct  modes  of  failure  were  observed  in  this  investigation. 

(i)  a  cleavage  (tension)  type  failure,  and 

(ii)  a  hybrid  failure 

A  cleavage  (tension) type  failure  is  characterised  by  the  develop¬ 
ment  of  diagonal  cracks  due  to  torsion  on  all  faces  of  the  specimen.  It  implies 
the  overcoming  of  flexural  compression  by  the  diagonal  tension  set  up  due 
to  torsion.  In  this  type  of  failure,  the  whole  section  is  in  diagonal 
tension  at  the  point  of  failure  which  occurs  due  to  cleavage. 

All  beams  tested  in  this  investigation,  except  Beam  D-l,  failed 
due  to  cleavage.  There  was  ample  evidence  of  the  overcoming  of  flexural 
compression  in  all  beams  which  failed  due  to  cleavage.  The  development 
of  diagonal  cracks  due  to  torsion  on  the  top  face  and  the  reduction  in  the 
flexural  compressive  stress  in  the  top  longitudinal  steel  often  leading  to 
stress  reversal  as  the  torque  was  increased  were  clear  indications  of  this 
effect.  There  was  almost  complete  absence  of  debris  which  is  typical  of 
cleavage  type  of  failure. 
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The  hybrid  failure  is  characterised  by  the  shear  (compression) 
failure  of  the  concrete  in  the  zone  of  flexural  compression  and  cleavage 
of  the  concrete  not  compressed  due  to  flexure.  The  possibility  of  this 
type  of  failure  exists  when  the  flexural  compression  is  extremely  high. 

In  the  analysis  of  CHAPTER  V,  it  is  assumed  that  the  concrete  in  flexural 
compression  fails  due  to  shear  (compression)  if  the  flexural  compression 
exceeds  the  critical  value  of  normal  stress  given  by  Equation  (C-13), 
Appendix  C.  The  hybrid  failure  is  usually  associated  with  the  formation 
of  debris  and  an  increase  in  the  compressive  strain  in  the  top  longitudinal 
steel  as  the  torque  increases. 

Only  Beam  D-l,  which  was  subjected  to  the  maximum  flexural  load, 
had  this  type  of  failure.  The  application  of  torsion  to  this  beam  did 
not  produce  diagonal  cracks  on  the  top  face.  Instead,  it  precipitated 
crushing  and  complete  destruction  of  the  zone  in  flexural  compression. 

The  flexural  compressive  strain  in  the  top  longitudinal  steel  continued 
to  increase  as  the  torque  was  increased. 

Failure  due  to  cleavage  is  by  far  the  most  common  type  of  failure 
in  combined  loading.  The  modes  of  failure  predicted  by  the  analysis  of 
CHAPTER  V  are  indicated  in  TABLES  6-7  through  6-13.  There  was  no  evidence 
of  the  formation  of  plastic  hinges  on  the  top  or  the  sides  of  the  beam  as 
suggested  by  Lessig  (1959).  In  all  beams,  except  Beam  D-l,  diagonal 
cracks  developed  on  the  top  and  on  both  vertical  faces  of  the  beam  before 
failure . 

7 -2  Strength 


An  analysis  of  strength  has  been  presented  in  CHAPTER  V.  In 
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this  analysis  the  most  general  case  is  that  of  a  beam  with  longitudinal 
bars  and  transverse  ties  subjected  to  combined  bending  and  torsion.  The 
following  may  then  be  considered  as  particular  or  limiting  cases  and  may 
be  derived  from  the  general  case. 

(i)  the  case  of  pure  torsion 

(ii)  the  case  of  a  reinforced  concrete  beam  with  longitudinal  steel  only. 

A  desirable  feature  of  any  analysis  is  that  it  be  valid  for  the 
limiting  cases.  Also  it  is  desirable  that  the  transition  from  one  case 
to  another  or  from  one  mode  of  failure  to  another  be  gradual  and  defined. 
The  analysis  of  CHAPTER  V  has  these  desirable  features.  It  is  of  interest 
to  indicate  that  some  of  the  analyses  presented  by  other  investigators  do 
not  have  these  features . 

Certain  approximations  and  idealisations  have  been  introduced 
in  the  strength  analysis  of  CHAPTER  V.  The  approximation  involved  in  the 
modified  sand  heap  analogy  has  already  been  indicated  in  Section  5-4.  The 
action  of  the  longitudinal  bars  in  resisting  torsion  has  been  idealised. 
This  is  evident  from  the  derivation  of  the  term  T^.  The  actual  action 
of  the  longitudinal  bars  in  resisting  torsion  is  more  complex.  The 
secondary  effects,  like  continuity,  shear  and  axial  force,  have  been 
ignored  in  the  derivation  of  the  expression  for  the  lateral  force  developed 
by  a  longitudinal  bar.  Since  Tg£  forms  only  a  small  part  of  the  total 
torsional  strength,  the  idealisation  of  the  action  of  longitudinal  bars 
is  justified. 

The  contribution  of  concrete  in  resisting  torsion  either  in  pure 
torsion  or  in  combined  loading  has  been  quite  controversial.  Gesund  and 
Boston  (1964)  completely  disregarded  the  contribution  of  concrete  whereas 
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Lessig  (1959)  disregarded  the  concrete  in  flexural  tension.  Chinenkov 
(1959)  pointed  out  that  the  reason  for  the  computed  loads  being  smaller 
than  the  test  loads  in  his  investigation  apparently  lies  in  the  resistance 
offered  by  the  uncracked  concrete  in  the  interior  of  the  section  in  re¬ 
sisting  torsion.  There  is  no  doubt  that  the  torque  resisting  capacity 
of  the  non -compressed  concrete  is  reduced  due  to  the  presence  of  flexural 
cracks.  Hence  the  assumption  that  the  torsional  capacity  of  non-compr essed 
concrete  remains  undiminished  in  spite  of  the  presence  of  flexural  cracks 
may  be  expected  to  yield  an  unconservative  estimate  of  the  torsional 
strength.  On  the  other  hand,  complete  disregard  of  the  non-compr essed 
concrete  may  be  expected  to  yield  a  conservative  estimate  of  torsional 
strength.  The  participation  of  non-compr essed  concrete  in  resisting 
torsional  stresses  is  indicated  by  the  following  observations. 

(i)  The  magnitude  of  flexure  had  no  significant  effect  on  the  value  of 
the  cracking  torque.  This  can  be  seen  from  the  torque-twist  curves  shown 
in  FIGURE  B-12,  Appendix  B.  Since  the  value  of  cracking  torque  depends  on  the 
torque  resisting  capacity  of  concrete  alone,  the  cracking  torque  would 
have  been  seriously  reduced  if  the  non-compressed  concrete  were  excluded 
from  participation  in  resisting  torsional  stresses. 

(ii)  Torsion  produced  diagonal  cracks  which  crossed  the  vertical  flexural 
cracks  as  shown  in  FIGURES  4-1  through  4-4.  The  fact  that  torsion  pro¬ 
duced  these  diagonal  cracks  in  the  portion  of  non-compressed  concrete, 
which  previously  had  flexural  cracks,  indicates  that  the  non-compressed 
concrete  participates  in  resisting  torsional  stresses. 

From  the  above  discussion,  it  appears  that  the  non-compressed 
concrete  participates  in  resisting  torsional  stresses  though  its  strength 
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is  somewhat  reduced  due  to  the  presence  of  flexural  cracks.  Hence  values 
of  k2  equal  to  zero  and  unity  may  be  expected  to  give  respectively  the 
lower  bound  and  the  upper  bound  of  the  torsional  strength.  Tests  in  com¬ 
bined  bending  and  torsion  for  all  beams,  except  Beam  B-3,  confirm  the  above 
concept  of  upper  and  lower  bounds  of  torsional  strength  as  shown  in  TABLE 
6-7.  The  tests  by  other  investigators,  analysed  in  TABLES  6-8  through 
6-12,  are  also  generally  in  agreement  with  the  above  concept.  Tests  by 
Chinenkov,  analysed  in  TABLE  6-10,  also  provide  a  reasonable  confirmation 
of  the  concept  developed  above. 

The  presence  of  flexure  may  increase  or  decrease  the  torsional 
strength  depending  upon  the  properties  of  the  beam  section  and  the  level 
of  bending  moment.  For  example,  the  effect  of  flexure  is  different  for 
the  following  two  types  of  beam  sections. 

(i)  a  typical  beam  section  with  most  of  the  longitudinal  steel  located 
in  the  zone  of  flexural  tension. 

(ii)  a  section  with  the  longitudinal  steel  distributed  equally  near  the 
top  face  and  the  bottom  face  of  a  beam. 

According  to  the  analysis  developed  in  this  investigation,  the 
torsional  strength  in  Case  (i)  is  increased  due  to  the  presence  of  flexure 
up  to  a  certain  value  which  might  be  called  the  optimum  value  of  flexural 
moment.  The  reason  for  this  increase  in  the  torsional  strength  is  that 
while  the  value  of  Tg^  is  unaffected,  the  value  of  Tc^  increases  due  to 
the  presence  of  flexural  compression. 

In  case  (ii),  however,  the  effect  of  flexure  is  generally  to 
reduce  the  torsional  strength  unless  an  excessive  amount  of  longitudinal 
steel  is  provided.  In  general,  the  reduction  in  Tg-^  due  to  the  reduced 
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capacity  of  longitudinal  steel  in  resisting  the  longitudinal  component 
of  diagonal  tension  is  more  than  the  corresponding  increase  in  Tci. 

The  result  is  a  reduction  in  the  torsional  strength  of  the  section. 

The  two  cases  cited  above  are  represented  by  the  beams  in 
Groups  D  and  E  respectively.  For  the  beams  in  Group  D,  which  correspond 
to  Case  (i),  the  longitudinal  steel  was  mostly  concentrated  on  the  tension 
side  whereas  for  beams  in  Group  E,  which  correspond  to  Case  (ii) ,  the 
longitudinal  steel  was  equally  distributed  on  the  tension  side  and  the 
compression  side.  The  interaction  diagrams  for  the  beams  in  these  two 
groups  are  shown  in  FIGURE  6-5.  This  figure  shows  clearly  how  the  shape 
of  the  interaction  diagram  may  be  influenced  by  the  section  properties 
of  the  beam.  In  addition  to  the  striking  agreement  between  the  analytical 
and  actual  strengths,  the  analysis  presented  in  this  investigation  re¬ 
produces  the  actual  trends  in  the  variation  of  torsional  strength  in 
combined  bending  and  torsion  for  the  two  diverse  cases  of  cross-sectional 
properties.  This  constitutes  a  fair  confirmation  of  the  concepts  used  in 
the  development  of  the  analysis  of  CHAPTER  V. 

The  tests  in  combined  bending,  torsion  and  shear  in  this  investi¬ 
gation  were  of  an  exploratory  nature.  The  main  objective  of  the  tests  was 
to  study  the  effect  of  transverse  shear  on  the  torsional  strength  of  beams 
subjected  to  combined  loading.  The  tests,  which  are  analysed  in  TABLE 
6-13,  suggest  that  the  torsional  strength  is  not  affected  significantly 
by  transverse  shear  provided  the  beam  has  enough  transverse  steel  to 
prevent  shear  failure  in  the  absence  of  torsion.  The  agreement  between 
analytical  and  actual  strengths  is  reasonable  for  all  beams  analysed 
in  TABLE  6-13  except  for  Beams  H-2  and  H-3.  The  reason  for  the  difference 
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in  analytical  and  actual  strengths  for  Beams  H-2  and  H-3  has  been  dis¬ 
cussed  in  Section  6-6. 

It  has  been  indicated  above  that  values  of  equal  to  zero 
and  unity  give, respect ively,  the  lower  bound  and  the  upper  bound  of 
the  torsional  strength.  In  the  present  tests,  a  value  of  k2  equal  to  3/4 
was  found  to  give  a  close  agreement  between  analytical  and  actual  strengths. 
The  average  value  of  the  ratio  of  actual  and  analytical  strengths  is 
1.03  and  the  mean  deviation  is  0.09  for  all  beams  tested  in  combined 
loading  in  this  investigation.  This  is  shown  in  TABLE  6-14. 

In  general  the  agreement  between  analytical  and  actual  strengths 
is  better  for  beams  with  larger  cross-sectional  dimensions  and  for  those 
beams  which  had  higher  amounts  of  reinforcing  steel.  The  variation  in 
strength  due  to  the  flaws  in  concrete  is  more  critical  for  a  beam  having 
a  smaller  cross-section  than  that  for  a  beam  having  a  larger  cross-section. 
For  beams  with  a  high  proportion  of  reinforcing  steel,  the  contribution  of 
concrete  towards  torsional  strength  recedes  in  importance.  Also  the 
difference  between  the  analytical  and  actual  strengths  is  partly  due  to 
the  error  in  estimating  the  true  tensile  strength  of  concrete.  A  better 
agreement  may,  therefore,  be  expected  for  beams  with  fairly  high  amounts 
of  reinforcing  steel. 

7-3  Sequence  of  Loading 

In  this  investigation,  the  transverse  load  was  applied  first 
and  the  specimens  were  then  twisted  to  failure.  Gardner  (1960)  used 
the  same  sequence  of  loading  in  his  tests  on  prestressed  concrete  beams. 
Cowan  and  Armstrong  (1955)  and  Gesund  and  Boston  (1964)  used  testing 
procedures  in  which  the  bending  and  twisting  moments  increased  in  the 
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same  proportion.  This  proportion  was  constant  throughout  any  particular 
test  though  a  new  proportion  could  be  chosen  for  another  test.  Chinenkov 
(1959)  used  a  setup  which  permitted  a  change  in  the  ratio  of  bending 
moment  and  twisting  moment  at  any  stage  of  a  test.  He  varied  this  ratio 
during  the  test  for  some  of  his  beams.  Tests  in  which  torsion  precedes 
flexure  have  not  been  reported  so  far. 

The  question  as  to  how  the  sequence  of  loading  affects  the 
strength  and  behavior  of  beams  subjected  to  combined  loading  is  of  con¬ 
siderable  importance.  A  comparison  of  the  photographs  of  the  crack  patterns 
in  this  and  other  investigations  shows  that  the  mode  of  crack  propogation 
and  also  the  final  pattern  of  cracks  is  influenced  by  the  sequence  of  load¬ 
ing.  In  this  investigation,  torsion  followed  flexure.  Hence,  the  final 
crack  pattern  consists  of  two  sets  of  cracks.  The  first  set  comprises  of 
vertical  flexural  cracks  whereas  the  second  set  comprises  of  diagonal 
cracks  due  to  torsion.  The  two  sets  are  seen  to  cross  each  other  at  an 
angle  of  the  order  of  45°  in  FIGURES  4-1  through  4-4.  The  investigations, 
in  which  the  torsional  load  and  the  flexural  load  were  increased  simultaneously, 
have  indicated  that  the  crack  inclination  depends  on  the  ratio  of  torsion 
to  flexure  (Cowan  and  Armstrong,  1955) . 

Chinenkov  (1959)  assumed  a  constant  crack  angle  on  all  sides  of 
the  specimen.  He  stated  that  although  this  assumption  does  not  correspond 
to  the  actual  pattern  of  crack  propagation,  it  does  not  affect  significantly 
the  carrying  capacity  of  the  element.  Tests  analysed  and  presented  in 
TABLES  6-7  through  6-12  involve  different  sequences  of  loading.  Since 
there  is  a  fair  agreement  between  analytical  and  actual  strengths  irrespec¬ 
tive  of  the  sequence  of  loading,  it  appears  that  the  sequence  of  loading 
does  not  affect  the  ultimate  strength  significantly.  This  is  in  a greement 
with  Chinenkov * s  observations. 
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7 -4  Influence  of  Variables 

The  analysis  developed  in  CHAPTER  V  involves  several  variables 
which  influence  the  computed  value  of  strength  of  a  beam.  These  variables 
may  be  grouped  into  the  following  four  categories. 

( i )  Variables  Relating  to  Concrete  Strength 

The  tensile  strength,  fj!  ,  and  the  compressive  strength,  f^  , 
influence  the  strength  of  a  beam  subjected  to  combined  loading.  In  a 
cleavage  (tension)  type  of  failure,  the  torsional  strength  is  governed 
essentially  by  the  tensile  strength,  whereas,  in  a  hybrid  failure  both 
the  tensile  strength  and  the  compressive  strength  influence  torsional 
strength.  Since  cleavage  failure  is  more  frequent  in  combined  loading 
than  hybrid  failure,  the  tensile  strength  of  concrete  assumes  greater 
importance  than  the  compressive  strength  of  concrete. 

The  contribution  of  concrete  recedes  in  importance  as  the 
proportion  of  reinforcing  steel  is  increased.  Consequently,  the  influence 
of  concrete  strength  diminishes  for  beams  with  high  proportions  of 
longitudinal  steel  and  transverse  steel.  Since  the  contribution  of  con¬ 
crete  for  such  beams  is  only  of  the  order  of  one-third  of  the  torsional 
strength,  the  error  in  computed  torsional  strength  associated  with  a  15 
percent  error  in  estimating  the  strength  properties  of  concrete  may 
be  of  the  order  of  5  percent.  However,  for  beams  with  little  or  no 
steel,  the  error  in  the  computed  torsional  strength  may  be  of  the  same 
order  as  the  error  in  estimating  concrete  strength. 

( i i )  Variables  Relating  to  Steel  Strength 

The  contribution  of  steel  towards  torsional  strength  depends 


on  the  yield  stress  of  steel.  The  terms  Tg^  and  Tg2  are  governed  by  the 
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yield  stresses  fy  ,  fy  ,  and  fyt  .  The  yield  stresses  f  and  fy  do 
not  influence  the  torsional  strength  if  the  proportion  of  longitudinal 
steel  is  high  as  compared  to  that  of  transverse  steel.  In  such  a  case, 
the  term  Tg^  varies  linearly  with  the  yield  stress  of  transverse  steel, 
f  t .  On  the  other  hand,  if  the  proportion  of  transverse  steel  is  high 
as  compared  to  that  of  longitudinal  steel,  the  yield  stress  of  transverse 
steel,  f yt ,  is  inconsequential.  In  this  case,  the  term  Tg^  is  governed 
by  fy  or  fy  depending  upon  whether  the  bottom  longitudinal  steel  or 
the  top  longitudinal  steel  yields  first. 

The  error  in  the  measurement  of  yield  stress  of  steel  assumes 
greater  importance  for  a  beam  with  high  proportions  of  longitudinal  steel 
and  transverse  steel  due  to  the  increase  in  Tg.  In  such  a  case,  a  6 
percent  error  in  the  measurement  of  yield  stress  of  steel  may  be  associated 
with  an  error  of  the  order  of  4  percent  in  the  computed  torsional  strength. 

The  error  in  the  computed  torsional  strength  can,  however,  be  greater 
if  the  flexural  stresses  in  the  longitudinal  steel  are  of  such  magnitude 
that  they  inhibit  the  development  of  yield  stress  in  the  transverse  tie 
because  the  required  force  to  resist  the  longitudinal  component  of  diagonal 
tension  can  not  be  mobilised.  The  contribution  of  steel  to  torsional  strength 
and  the  influence  of  errors  in  the  measurement  of  the  yield  stress  of  steel 
recede  in  importance  for  beams  with  low  proportions  of  reinforcing  steel. 

(iii)  Variables  Relating  to  Geometry  of  Cross-Section 

In  addition  to  all  the  cross-sectional  dimensions  shown  in 
FIGURE  5-2,  the  steel  ratios  defined  below  also  influence  the  strength 
of  a  beam  subjected  to  combined  loading. 
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P  =  As/bodo 
p  1  =  Ag /bodo 

_  volume  of  transverse  steel 

gross  volume  of  concrete 

Equation  (5-1)  shows  that  Tcq  varies  linearly  with  dQ  and  it 
is  proportional  to  the  square  of  bQ  .  Hence  the  computed  torsional 
strength  is  more  sensitive  to  variations  in  b0  than  those  in  dQ  .  The 
term  Tsi  is  related  linearly  to  the  dimensions  b'  and  d'.  The  number  of 
ties  intersected  by  a  potential  failure  crack  may  be  influenced  by  concrete 
covers  a^  ,  a2  and  a^.  This  happens  when  the  dimensions  of  the  steel 
cage  are  approximately  equal  to  or  a  multiple  of  the  spacing  of  ties. 

In  most  cases,  however,  the  concrete  covers  are  almost  inconsequential. 

The  ratio  of  bottom  longitudinal  steel,  p  ,  governs  the  term 
Tg^  when  the  flexural  tension  in  this  steel  is  high.  The  influence  of 
the  variation  in  p  ,  therefore,  depends  upon  the  relative  magnitude  of 
Tg^  as  compared  to  the  torsional  strength.  For  a  beam  with  a  high  pro¬ 
portion  of  transverse  steel,  the  relative  magnitude  of  Tg^  is  generally 
high.  In  such  a  case,  a  variation  in  p  influences  the  computed 
torsional  strength  significantly.  In  a  case  where  the  flexural  tension 
in  the  bottom  longitudinal  steel  or  the  proportion  of  the  transverse 
steel  is  very  low,  the  variations  in  the  value  of  p  are  not  critical. 

The  ratio  of  the  top  longitudinal  steel,  p'  ,  may  govern  the 
torsional  strength  in  a  case  of  hybrid  failure.  Since  such  failures 
are  infrequent,  the  variations  in  p'  are  not  critical  in  the  computation 
of  torsional  strength  in  most  cases. 

In  majority  of  cases,  the  term  Tg^  depends  on  the  ratio  of 
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the  transverse  steel,  pt  .  A  higher  value  of  pt  generally  gives  a 
higher  computed  torsional  strength.  However,  for  a  given  value  of  pt  , 
a  closer  spacing  of  ties  leads  to  higher  yielding  and  toughness.  The 
spacing  of  ties,  s  ,  and  pt  generally  govern  the  terms  Tg^  and  Ts2  .  In 
the  majority  of  cases,  the  term  is  small  as  compared  to  Tg^  .  Hence 

a  variation  in  pt  or  the  tie  spacing  would  be  reflected  mostly  through 
a  variation  in  Tg^  .  The  influence  of  a  variation  in  pt  or  the  tie 
spacing  recedes  in  importance  for  a  low  ratio  of  the  transverse  steel. 

(iv)  Variables  Relating  to  Load  Combination 

The  level  of  flexural  load  generally  influences  every  term  in 
the  analysis  of  torsional  strength.  It  has  been  shown  in  Section  7-2 
that  the  presence  of  flexure  may  increase  or  decrease  the  torsional 
strength.  The  main  effect  of  flexure  is  to  modify  the  torque  resistance 
of  concrete  and  to  reduce  the  capacity  of  the  bottom  steel  to  resist  the 
longitudinal  component  of  diagonal  tension  due  to  torsion.  The  level 
of  flexural  load  in  combined  bending  and  torsion  has  some  effect  on  the 
area  of  compressed  concrete.  It's  effect  on  the  lever  arm,  jd  ,  has  been 
discussed  in  Section  5-4. 

The  computed  torsional  strength  is  insensitive  to  variations 
in  the  area  of  compressed  concrete  for  the  cleavage  type  of  failure.  In 
this  case,  even  if  the  flexural  compression  is  assumed  to  be  distributed 
uniformly  over  the  whole  cross-section,  the  computed  torsional  strength  is 
not  very  much  affected.  The  variation  in  the  area  of  compressed  concrete 
becomes  more  important  in  the  case  of  a  hybrid  failure.  The  shear  (com¬ 
pression)  failure  of  the  compressed  concrete  depends  upon  the  flexural 
compressive  stress,  which  in  turn,  depends  upon  the  area  of  compressed 
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concrete.  The  hybrid  failure,  however,  is  infrequent.  Besides,  the  con¬ 
tribution  of  compressed  concrete,  Tc^  ,  is  only  a  minor  part  of  the 
torsional  strength. 

A  decrease  in  the  lever  arm,  jd  ,  increases  the  flexural 
compressive  and  tensile  forces.  The  increase  in  flexural  compression 
increases  Tc^  for  the  cleavage  type  of  failure,  whereas,  it  decreases 
Tci  for  the  hybrid  type  of  failure.  Since  Tc^  forms  only  a  minor  part 
of  the  torsional  strength  as  shown  above,  the  variation  in  flexural  com¬ 
pression  is  not  important.  The  computed  torsional  strength  is  more  sen¬ 
sitive  to  the  variation  in  the  flexural  tension  in  the  bottom  longitudinal 
steel  if  it  inhibits  the  development  of  yield  stress  in  the  transverse 
steel  due  to  the  lack  of  adequate  resistance  to  the  longitudinal  com¬ 
ponent  of  diagonal  tension.  This  depends  on  the  relative  magnitudes  of 
the  steel  ratios  p  and  pt  .  Whenever  the  relative  magnitude  of  pt 
is  small  as  compared  to  that  of  p  ,  the  computed  torsional  strength 
is  insensitive  to  a  variation  in  the  lever  arm. 

It  will  be  evident  from  the  above  discussion  that  the  influences 
of  several  variables  involved  in  the  analysis  of  CHAPTER  V  are  inter¬ 
connected.  Hence,  quantitative  values  can  not  be  assigned  to  the  influence 
of  every  individual  variable.  However,  since  the  analysis  is  simple  and 
direct,  it  is  possible  to  visualise,  at  least  qualitatively,  the  influence 
of  any  variable  which  may  affect  the  computed  torsional  strength  of  a  beam. 

7-5  Stress  Redistribution 

It  has  been  indicated  in  Section  1-1  that  the  extent  of 
stress  redistribution  or  the  suitability  of  the  elastic  and  the  plastic 
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theories  for  computing  the  torsional  strength  are  controversial  topics. 

In  the  analysis  of  CHAPTER  V,  the  extent  of  redistribution  of  stresses 
is  somewhat  restricted.  These  restrictions  are  embodied  in  Assumptions 
5  and  7  of  Section  5-2.  The  characteristics  of  the  concrete  and  steel 
strains  in  this  investigation  and  the  observations  of  Nylander  (1945), 
Gardner  (1960)  and  the  author  (1963)  indicate  that  the  redistribution 
of  stresses  is  significant.  However,  its  extent  is  not  unrestricted. 

Hence,  the  stress  condition  is  not  the  same  at  every  point  of  the  cross- 
section  at  failure.  This  is  evident  when  the  torsional  strengths  of  Beams 
G-4  and  H-4  are  compared.  These  beams,  which  were  tested  in  pure  torsion, 
had  identical  transverse  steel  and  equal  amounts  of  longitudinal  steel. 

The  only  important  difference  was  that  the  longitudinal  steel  for 
Beam  G-4  was  equally  distributed  near  the  top  face  and  the  bottom  face, 
whereas,  for  Beam  H-4,  it  was  all  concentrated  near  the  bottom  face  as 
shown  in  FIGURE  3-1.  The  actual  torsional  strengths  of  Beams  G-4  and 
H-4  were  found  to  be  115  and  64  in.  kips  respectively.  If  there  were  no 
restrictions  on  the  extent  of  stress  redistribution,  the  location  of  the 
longitudinal  steel  would  have  been  inconsequential  and  consequently 
Beams  G-4  and  H-4  would  have  exhibited  equal  torsional  strength.  This, 
however,  is  not  in  conformity  with  the  test  evidence  cited  above. 

7  -6  Torsional  Stiffness 

The  torsional  stiffness  of  beams  subjected  to  combined  bending 
and  torsion  has  been  investigated  and  is  presented  in  Section  6-7. 

Although  the  reduction  in  torsional  stiffness  due  to  the  presence 
of  flexure  was  first  indicated  by  Chinenkov  (1959),  no  expression  for  the 
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torsional  stiffness  of  a  beam  subjected  to  combined  loading  was  given 
by  him.  Equation  (6-14)  appears  to  be  the  only  Equation  of  its  type 
ever  given.  In  terms  of  torsional  stiffness,  which  may  be  defined  as 
the  torque  required  to  produce  a  unit  angle  of  twist  per  unit  length. 
Equation  (6-14)  may  be  expressed  as 

S  =  SQ/(1  +  2“-  )  (7-1) 

MUo 

where  S  =  initial  torsional  stiffness  of  a  beam  subjected  to  com¬ 

bined  bending  and  torsion 

SQ  =  initial  torsional  stiffness  of  the  beam  subjected  to 
pure  torsion 

Both  S  and  SQ  refer  to  the  initial  slope  of  the  torque-twist 
curve.  As  the  torque  increases,  the  torsional  stiffness  reduces  slowly 
so  that  Equation  (7-1)  may  still  be  used  with  some  approximation  until 
the  cracking  torque  is  reached.  Beyond  the  cracking  torque,  the  torsional 
stiffness  probably  is  predominantly  a  function  of  the  geometry  of  the 
cross-section  and  the  strength  properties  of  reinforcing  steel. 

Equation  (7-1)  may  find  a  useful  application  in  the  design 
of  inter-connected  bridge  girders  and  other  monolithic  structures  having 
members  in  two  orthogonal  directions.  Since  the  members  of  such  structures 
are  often  subjected  to  combined  bending  and  torsion,  the  use  of  Equation 
(7-1)  should  result  in  a  better  evaluation  of  the  distribution  of 
moments  among  the  inter-connected  girders. 
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CHAPTER  VIII 


SUMMARY  AND  CONCLUSIONS 


8-1  Summary 

The  work  of  this  investigation  included  the  following: 

(i)  Experimental  phase 

(ii)  Analytical  phase,  and 

(iii)  Correlation  and  discussion 

The  experimental  phase  of  the  investigation  comprised  of  tests 
on  36  beams  of  6  x  12-in.  nominal  size  tested  in  various  combinations  of 
bending,  torsion  and  shear.  The  beams  were  divided  into  8  groups.  There 
were  9  plain  concrete  beams  and  27  beams  with  both  longitudinal  bars  and 
ties.  Twenty  beams  with  various  combinations  of  steel  ratios  were  tested 
in  combined  bending  and  torsion.  The  flexural  load  was  applied  first  and 
the  specimens  were  then  twisted  to  failure.  Sixteen  beams  were  tested  in 
various  combinations  of  bending,  torsion  and  shear.  The  transverse  load 
was  applied  first  and  the  specimens  were  then  twisted  to  failure.  Beams 
in  the  same  group  had  identical  reinforcement  but  were  tested  in  different 
combinations  of  bending,  torsion  and  shear  with  an  objective  to  obtain 
interaction  diagrams  for  combined  loading.  For  some  beams,  most  of  the 
longitudinal  reinforcement  was  placed  near  the  bottom  face,  whereas,  for 
others  equal  longitudinal  steel  was  provided  near  the  top  face  and  the 
bottom  face.  The  objective  was  to  study  whether  the  distribution  of  longi¬ 
tudinal  steel  had  any  influence  on  the  shape  of  the  interaction  diagram. 
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From  the  observations  made  in  the  experimental  phase  of  this  in¬ 
vestigation  and  utilising  the  findings  of  other  investigators,  an  analysis 
has  been  developed  for  predicting  the  torsional  strength  of  a  beam  subjected 
to  combined  loading.  The  analysis  is  direct  and  general,  it's  validity 
extending  to  the  limiting  cases. 

Using  the  analysis  developed  in  this  investigation,  the  analytical 
torsional  strengths  of  166  beams  have  been  compared  with  actual  torsional 
strengths.  Sixty-eight  of  these  beams  were  tested  by  the  author  and  98 
by  other  investigators.  An  expression  for  the  initial  torsional  stiffness 
of  a  beam  subjected  to  combined  loading  has  been  developed  and  compared 
with  the  test  results.  The  comparisons  of  torsional  strengths  and  stiff¬ 
nesses  and  the  discussion  of  the  preceding  chapter  lead  to  the  conclusions 
presented  in  the  following  section. 

8-2  Conclusions 

The  following  are  the  main  conclusions  that  are  drawn  from  this 
investigation . 

(1)  The  presence  of  flexure  to  a  certain  limit  increases  the  torsional 
strength  of  a  typical  beam  section  in  which  most  of  the  longitudinal  steel 
is  located  in  the  zone  of  flexural  tension.  This  increased  strength  is 
essentially  due  to  the  greater  resistance  offered  by  the  portion  of  con¬ 
crete  compressed  due  to  flexure.  The  shape  of  the  non-dimensional  inter¬ 
action  diagram  for  the  beams  in  Group  D,  shown  in  FIGURE  6-5,  is  typical 
for  beams  in  which  most  of  the  longitudinal  steel  is  located  in  the  zone 
of  flexural  tension.  In  the  case  of  these  beams,  the  flexural  stresses 
have  the  effect  of  a  favourable  prestress  as  far  as  torsional  strength  is 
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concerned.  The  optimum  value  of  flexure,  which  corresponds  to  the  maximum 
value  of  torsional  strength,  may  be  evaluated  for  any  particular  beam 
using  the  analysis  presented  in  this  report. 

(2)  The  presence  of  flexure  generally  reduces  the  torsional  strength  of 

a  beam  in  which  the  longitudinal  steel  is  equally  distributed  in  the  zones 
of  flexural  tension  and  compression.  This  reduction  is  essentially  due 
to  the  decrease  in  the  capacity  of  the  bottom  longitudinal  steel  to  resist 
the  longitudinal  component  of  diagonal  tension  due  to  torsion.  The  shape 
of  the  non-dimensional  interaction  diagram  for  the  beams  in  Group  E,  shown 
in  FIGURE  6-5,  is  typical  for  beams  in  which  the  longitudinal  steel  is 
equally  distributed  in  the  zones  of  flexural  tension  and  compression. 

(3)  A  reinforced  concrete  beam  subjected  to  combined  bending  and  torsion 
may  have  one  of  the  following  two  modes  of  failure. 

(i)  A  cleavage  (tension)  failure 
(ii)  A  hybrid  failure 

The  cleavage  failure  is  characterised  by  the  development  of 
diagonal  cracks  due  to  torsion  on  all  faces  of  the  specimen. 

The  hybrid  failure  is  characterised  by  the  shear  (compression) 
failure  of  the  concrete  in  the  zone  of  flexural  compression  and  cleavage 
of  the  concrete  not  compressed  due  to  flexure. 

The  cleavage  failure  is  more  likely  in  combined  loading  though 
the  hybrid  failure  is  possible,  especially  for  high  values  of  the  ratio 
pfy/f^  and  the  bending  moment. 

The  modes  of  failure  predicted  by  the  analysis  are  in  conformity 


with  the  observed  modes  of  failure. 
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(4)  The  analysis  presented  in  CHAPTER  V  reproduces  the  actual  trends  in 
the  variation  of  torsional  strength  as  affected  by  flexure  for  the  two 
diverse  cases  of  cross-sectional  properties  discussed  in  the  first  two 
conclusions.  This  constitutes  a  confirmation  of  the  concepts  used  in  the 
analysis.  The  average  value  of  the  ratio  of  actual  and  analytical  strengths 
is  1.03  and  the  mean  deviation  is  0.09  for  all  beams  tested  in  combined 
loading  in  this  investigation. 

(5)  Values  of  k-2  equal  to  zero  and  unity  give,  respectively,  the  lower 
and  the  upper  bounds  of  actual  torsional  strength.  It  is  implied  that 
though  the  flexural  cracks  weaken  the  non-compr essed  concrete,  it  is  con¬ 
servative  to  ignore  the  non-compr essed  concrete  completely. 

(6)  The  initial  torsional  stiffness  of  a  reinforced  concrete  beam  is  re¬ 
duced  due  to  the  presence  of  flexure  as  indicated  by  Equation  (7-1).  The 
average  value  of  the  ratio  of  actual  initial  torsional  stiffness  to  com¬ 
puted  initial  torsional  stiffness  is  0.98  and  the  mean  deviation  is  0.14 
for  all  reinforced  concrete  beams  tested  in  combined  bending  and  torsion 
in  this  investigation. 

(7)  The  tests  in  combined  bending,  torsion  and  shear,  which  were  exploratory 
in  nature,  suggest  that  the  torsional  strength  is  not  reduced  due  to  the 
presence  of  transverse  shear  provided  enough  transverse  steel  exists  to 
prevent  a  shear  failure  in  the  absence  of  torsion. 

(8)  There  is  a  significant  redistribution  of  stresses  as  the  failure  is 
approached.  The  extent  of  redistribution  of  stresses,  however,  is  not  un¬ 
restricted.  The  restrictions  embodied  in  Assumptions  5  and  7  of  Section  5-2 
are  in  conformity  with  test  evidence. 
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CHAPTER  IX 


RECOMMENDATIONS 

9-1  Comments  on  the  Present  Status  of  Codes  on  Torsion 

An  extensive  survey  of  the  codes  of  various  countries  dealing 
with  the  requirements  of  torsion  design  has  been  presented  by  Fisher  and 
Zia  (1964) .  Some  of  the  progressive  codes  like  ACI  315-63,  1963,  NBC*,  1960 
and  CSA,  1959  make  no  mention  of  torsion  design.  The  codes,  which  include 
instructions  for  torsion  design,  with  the  only  exception  of  the  Polish 
code,  are  all  based  on  the  classical  theory  of  St.  Venant .  The  elastic 
theory  has  been  utilized  even  in  those  instances  where  an  ultimate  strength 
approach  is  used. 

Most  o£  the  present  building  codes,  which  include  torsion  design, 
deal  only  with  the  case  of  pure  torsion.  The  Russian  code,  Ni  Tu  123-55, 
allows  a  superposition  of  the  flexural  and  torsional  stresses  computed 
on  the  assumption  that  these  stresses  are  independent  of  each  other. 
Chinenkov ' s  (1959)  observations  indicate  that  though  this  might  be  satis¬ 
factory  for  low  values  of  the  torsional  moment,  the  divergence  between 
analytical  and  actual  strengths  becomes  large  for  higher  values  of  the 
ratio  of  torsional  moment  to  flexural  moment. 

9-2  Recommendations  for  Design 

The  analysis  presented  in  CHAPTER  V  may  be  used  in  the  design  of 

*  The  latest  edition  of  this  code,  NBC,  1965,  is  expected  to  include 
specifications  for  torsion  design. 
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members  subjected  to  pure  torsion  or  to  combined  loading.  The  analysis 
uses  an  ultimate  strength  approach.  Hence,  a  suitable  load  factor  must 
be  introduced.  The  value  of  the  load  factor  may  be  decided  on  the  same 
general  principles  as  used  in  the  ultimate  strength  design  of  structures, 
which  are  not  subjected  to  torsion. 

In  the  computation  of  torsional  strength,  the  value  of  equal 
to  3/4  gave  a  close  agreement  with  the  actual  strengths.  However,  a  com¬ 
parison  of  all  the  tests  in  combined  loading,  analysed  in  TABLES  6-7 
through  6-13,  indicates  that  a  value  of  equal  to  1/2  generally  gives 
a  safe,  yet  not  very  conservative,  value  of  the  computed  torsional 
strength . 

The  design  procedure  based  on  the  analysis  proposed  in  this 
investigation  may  follow  the  usual  steps  in  design.  After  selection  of 
a  cross-section,  the  torsional  strength  may  be  computed  directly  if  the 
value  of  flexural  moment  is  known.  If  the  flexural  moment  is  not  known, 
the  interaction  diagram  for  combined  bending  and  torsion  may  be  drawn 
using  the  proposed  analysis.  The  value  of  torsional  strength  for  any 
level  of  flexural  moment  can  then  be  read  directly  from  the  interaction 
diagram . 

In  the  design  of  monolithic  structures  involving  inter-connected 
members,  the  distribution  of  moments  may  be  determined  using  the  flexural 
and  torsional  stiffnesses  of  the  members.  The  torsional  stiffness  of 
members  subjected  to  combined  bending  and  torsion  may  be  determined  from 
Equation  (7-1). 

Charts  and  tables,  based  on  the  proposed  analysis,  may  serve 
as  useful  tools  in  the  design  of  structures  subjected  to  torsional  loads. 
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9-3  Concluding  Remarks 

The  main  objective  of  this  investigation  was  to  study  the  in¬ 
adequately  explored  problem  of  strength  and  behavior  of  reinforced  con¬ 
crete  members  subjected  to  combined  loading.  With  this  objective  tests 
were  carried  out  on  beams  with  various  combinations  of  reinforcing  steel. 
Based  primarily  on  the  observations  made  during  these  tests,  an  analysis 
for  predicting  the  mode  of  failure  and  the  torsional  strength  of  beams 
subjected  to  combined  loading  was  presented.  All  tests  in  combined  load¬ 
ing,  reported  in  the  literature,  which  was  available,  were  used  to  verify 
the  validity  of  the  proposed  analysis.  It  is  hoped  that  the  work  reported 
in  this  investigation  will  lead  to  a  better  understanding  of  the  complex 
problem  of  a  reinforced  concrete  member  subjected  to  combined  loading. 
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APPENDIX  A 


PROPERTIES  OF  MATERIALS  AND  FABRICATION 
OF  TEST  SPECIMENS 

A-l  Materials 
(i)  Sand 

The  properties  of  the  sand  used  are  given  in  TABLES  A-l  and  A-2. 
The  tests  were  conducted  according  to  A.S.T.M.  Standards,  1961,  Part  4. 


TABLE  A-l 

PHYSICAL  PROPERTIES  OF  SAND 


Material 

Absorption 

% 

Color 

Test 

Specific  Gravity 

Bulk 

Apparent 

Saturated 
Surface  Dry 

Sand 

1.36 

#2* 

2.55 

2.63 

2.58 

^Organic  Plate  #2 


TABLE  A-2 


SIEVE  ANALYSIS  OF  SAND 


Sieve  Size 

Weight 

retained 

(gms) 

7o  retained 

Cumulative 

7,  retained 

A.S.T.M.  Standard 

#4 

10.0 

1.6 

1.6 

0-5 

#8 

84.0 

13.8 

15.4 

#16 

92.0 

15.1 

30.5 

20-55 

#30 

127.9 

21.0 

51.5 

#50 

199.6 

32.7 

84.2 

70-90 

#100 

74.8 

12.2 

96.4 

90-98 

Pan 

9.6 

1.6 

Silt 

12.3 

2.0 

—  “ 

Total 

610.2 

100.0 

279.6 

Fineness  Modulus  2.80 

The  average  moisture  content  of  sand  was  found  to  be  5.1  percent. 
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(ii)  Coarse  Aggregate 

The  coarse  aggregate  used  was  crushed  rock  of  3/4-inch  maximum 
size.  The  physical  properties  of  coarse  aggregate  are  given  in  TABLES  A-3 
and  A-4.  The  tests  were  performed  according  to  A.S.T.M.  Standards, 

1961,  part  4. 


TABLE  A-3 

PHYSICAL  PROPERTIES  OF  COARSE  AGGREGATE 


Material 

Absorption 

% 

Dry  Rodded 
Unit  Weight 
lbs/cft 

Specific  Gravity 

Bulk 

Apparent 

Saturated 
Surface  Dry 

Crushed 

rock 

1.85 

96 

2.51 

2.61 

2.53 

TABLE  A-4 

SIEVE  ANALYSIS  OF  COARSE  AGGREGATE 


Sieve  Size 

Weight  Retained 
(lbs) 

°U  retained 

Cumulative 

7o  retained 

3/4  in 

3.1 

10.5 

10.5 

3/8  in 

19  ;6 

66.5 

77  .0 

#4 

6.4 

21.8 

98.8 

Pan 

0.3 

1.2 

100.0 

Total 

29.4 

100.0 

286.3 

(iii)  Reinforcing  Steel 

All  Reinforcing  bars  were  deformed  except  #2  bars.  The  load 
deformation  characteristics  of  the  reinforcement  were  determined  by  per¬ 
forming  coupon  tests  on  at  least  three  specimens  in  each  size.  The 
yield  stress  and  ultimate  stress  of  the  reinforcing  steel  are  given  in 
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TABLE  A-5  and  the  stress -strain  curves  are  shown  in  FIGURE  A  -1. 

TABLE  A-5 

STRENGTH  PROPERTIES  OF  REINFORCING  STEEL 


Size  of  Bar 

Average 
Yield  stress 
ksi 

Average 

Ultimate  stress 
ksi 

#2 

45.0 

58.3 

#3 

57.3 

82.5 

#4 

58.3 

88.4 

#5 

49.5 

75.4 

#6 

51.3 

73.9 

(iv)  Concrete 

The  concrete  mix  design  was  the  same  for  all  the  specimens. 

The  materials  used  for  5  cubic  feet  of  concrete,  mixed  in  the  laboratory 
mixer,  were: 

(1)  Cement  120  lbs. 

(2)  Sand  310  lbs. 

(3)  Coarse  Aggregate  450  lbs. 

High  early  strength  cement,  supplied  in  paper  bags,  was  used. 
The  quantity  of  water  required  to  produce  a  mix  with  about  3-in.  slump 
was  of  the  order  of  60  lbs.,  with  minor  adjustments  to  allow  for  the 
variation  in  the  moisture  content  of  sand. 

Stress -strain  curves  were  obtained  from  compression  tests  on 
only  two  6  x  12-in.  cylinders  (companion  cylinders  of  Beams  H-l  and  H-3) . 
These  stress-strain  curves  are  shown  in  FIGURE  A-2. 

A -2  Fabrication  of  Test  Specimens 


All  concrete  was  mixed  from  three  to  six  minutes  in  a  laboratory 
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FIGURE  A*2  STRESS  STRAIN  CURVES  FOR  CONCRETE 
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mixer  of  nine  cu.  ft.  capacity.  A  one-cu.  ft.  butter  mix  was  used  to 
condition  the  mixer.  Three  batches,  each  about  five  cu .  ft.,  were 
then  mixed.  The  quantity  of  water  was  adjusted  by  trial  so  as  to 
obtain  about  3-in.  slump. 

The  reinforcing  cages  were  fabricated  by  wiring  longitudinal 
bars  and  stirrups  at  proper  spacing.  To  form  holes  for  obtaining  access 
to  the  reinforcement  for  mounting  SR-4  electrical  strain  gages,  small 
pieces  of  styrofoam  were  secured  to  the  reinforcement  at  the  proper 
locations  by  means  of  insulation  tape.  Before  casting  concrete,  the 
reinforcing  cages  were  placed  and  properly  positioned  inside  the  steel 
forms . 

Four  6  x  12-in.  control  cylinders  were  cast  from  each  batch. 

The  concrete  in  the  test  beams  and  cylinders  was  vibrated  with  a  high 
frequency  internal  vibrator.  The  tops  of  the  test  beams  and  the  control 
cylinders  were  trowelled  smooth.  The  test  beams  and  the  control  cylinders 
were  cured  moist  for  three  days  using  wet  burlap  and  then  allowed  to  cure 
in  air  until  the  time  of  test.  A-7  type  SR-4  electrical  strain  gages 
were  used  for  measuring  the  strains  in  the  reinforcing  steel  during  the 
test . 

To  determine  the  compressive  and  the  tensile  strengths  of  con¬ 
crete,  two  6  x  12 -in.  cylinders  from  each  batch  were  tested  in  com¬ 
pression  and  another  two  cylinders  were  subjected  to  indirect  tensile 
test.  To  determine,  as  closely  as  possible,  the  strength  of  concrete 
in  test  specimens  at  the  time  of  test,  the  test  specimens  and  the  control 
cylinders  were  vibrated,  cured  and  stored  under  similar  conditions.  They 
were  also  tested  at  the  same  age.  The  strengths  of  concrete  at  test  are 


given  in  TABLES  4-1  and  4-2  of  CHAPTER  IV. 
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OBSERVED  DATA 

B-l  Tests  in  Combined  Bending  and  Torsion 

The  observations  for  each  beam  tested  in  combined  bending  and 
torsion  are  given  in  TABLES  B-l  through  B-20.  The  details  of  the  specimens 
are  given  in  Section  3-1.  The  testing  procedure  and  the  instrumentation 
of  the  test  specimens  are  described  in  Sections  3-3  and  3-4  respectively. 

B-2  Tests  in  Combined  Bending,  Torsion  and  Shear 

The  observations  for  each  beam  tested  in  combined  bending,  torsion 
and  shear  are  given  in  TABLES  B-21  through  B-36.  The  details  of  the  speci¬ 
mens  are  given  in  Section  3-1.  The  testing  procedure  and  the  instrumenta¬ 
tion  of  the  test  specimens  are  described  in  Sections  3-3  and  3-4  re¬ 
spectively. 

B -3  Concrete  and  Steel  Strains 

The  concrete  strains  and  the  steel  strains  for  beams  tested  in 
combined  bending  and  torsion  are  plotted  in  FIGURES  B-l  through  B-5.  The 
number  affixed  to  a  curve  refers  to  the  designation  of  the  location  at 
which  the  concrete  strain  was  measured.  The  designations  for  the  locations 
are  shown  in  FIGURE  3-2. 

The  concrete  strains  and  the  steel  strains  for  beams  tested  in 
combined  bending,  torsion  and  shear  are  plotted  in  FIGURES  B-6  through  B-9. 
The  locations,  at  which  the  concrete  strains  were  measured,  are  indicated 
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on  the  curves.  The  strains  on  the  two  vertical  faces  of  the  specimen 
were  not  similar  due  to  the  effect  of  transverse  shear.  Hence  the  strains 
on  the  two  vertical  faces  of  the  specimen  are  plotted  separately.  The 
designations  for  the  locations  are  shown  in  FIGURE  3-3. 

The  longitudinal  strains  for  beams  in  Groups  A  through  E  are 
plotted  in  FIGURE  B-10  and  those  for  beams  in  Groups  F  through  H  are 
plotted  in  FIGURE  B-ll.  The  compressive  strain  and  the  tensile  strain 
are  plotted  respectively  on  the  left  side  and  the  right  side  of  the  zero 
line.  The  number  affixed  to  a  curve  refers  to  the  loading  stage  at  which 
the  strains  were  measured.  The  loading  stages  are  shown  in  TABLE  B-l 
through  B-36.  The  transverse  shear  produced  dissimilar  strain  conditions 
on  the  two  vertical  faces  of  the  specimen.  Hence,  for  the  specimens  tested 
in  combined  bending,  torsion  and  shear,  strains  on  both  vertical  faces  are 
plotted.  The  letters  N  and  S  affixed  to  the  curves  refer  to  the  North 
face  and  the  South  face  respectively.  The  shearing  stresses  due  to  torsion 
and  transverse  shear  were  of  the  same  sense  on  the  South  face  and  they  were 
of  the  opposite  sense  on  the  North  face. 

B-4  Deformation  Characteristics 

The  deformation  characteristics  for  the  beams  tested  in  combined 
bending  and  torsion  are  shown  in  FIGURE  B-12.  The  positions  of  the  dial 
gages  for  the  measurement  of  deflections  and  the  positions  of  the  twist  - 
meters  for  the  measurement  of  angle  of  twist  are  shown  in  FIGURE  3-2.  The 
deflections  of  the  mid-point  of  the  beam  relative  to  the  ends  of  the  beam 
are  plotted  in  FIGURE  B-12. 

The  deformation  characteristics  for  the  beams  tested  in  combined 


bending,  torsion  and  shear  are  shown  in  FIGURE  B-13.  The  positions  of  the 
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dial  gages  for  the  measurement  of  deflections  and  the  positions  of  the 
twistmeters  for  the  measurement  of  angle  of  twist  are  shown  in  FIGURE  3-3. 
The  numbers  affixed  to  the  curves  for  deflections  indicate  the  dial  gage 
positions  shown  in  FIGURE  3-3. 


TABLE  B-l 


B-4 


PURE  BENDING  TEST  ON  BEAM  A-l 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10 ^ 

Remarks 

1 

0 

0 

0 

2 

0.5 

25 

0 

3 

1.0 

33 

0.5 

4 

1.5 

42 

1.5 

5 

2.0 

50 

1.5 

6 

2.5 

59 

2.5 

Sudden  Failure 

TABLE  B-2 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  A -2 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10 ^ 

Torque 
in  kips 

Twist 

Radians  per 
inch  x  106 

Remarks 

1 

0 

0 

0 

0 

2 

0.5 

33 

0 

0 

-- 

3 

1.0 

42 

1 

0 

4 

1.0 

42 

- 

8 

4.5 

5 

1.0 

42 

- 

12 

8.9 

6 

1.0 

42 

- 

18 

11.1 

7 

1.0 

42 

- 

23 

15.7 

8 

1.0 

42 

- 

28 

22.2 

9 

1.0 

42 

- 

33 

24.4 

10 

1.0 

42 

- 

38 

33.3 

11 

1.0 

42 

- 

53 

Sudden  Failure 

TABLE  B-3 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  A -3 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10 3 

Torque 
in  kips 

Twist 

Radians  per 
inch  x  106 

Remarks 

1 

0 

0 

0 

0 

_  _ 

2 

0.3 

30 

1 

0 

1 

3 

0.6 

35 

1 

0 

— 

\ 

\ 

4 

0.6 

35 

- 

12 

11.1 

5 

0.6 

35 

- 

23 

22.2 

6 

0.6 

35 

- 

33 

35.6 

7 

0.6 

35 

- 

38 

46.6 

8 

0.6 

35 

- 

43 

51.1 

9 

0.6 

35 

- 

49 

66.6 

10 

0.6 

35 

- 

53 

Sudden  Failure 

— — 
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TABLE  B-4 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  A-4 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10 ^ 

Torque 
in  kips 

Twist 

Radian  per 
inch  x  10^ 

Remarks 

1 

0 

14 

0 

0 

2 

0 

25 

1 

0 

3 

- 

25 

- 

12 

11.1 

4 

- 

25 

- 

23 

22.2 

5 

- 

25 

- 

33 

37.8 

6 

- 

25 

- 

43 

57.8 

7 

- 

25 

- 

52 

-- 

Sudden  Failure 

TABLE  B-5 

PURE  TORSION  TEST  ON  BEAM  A -5 


Loading 

Stage 

Tor que 
in  kips 

Twist 

Radians  per 
inch  x  10^ 

Remarks 

1 

0 

I 

0 

2 

12 

13.3 

3 

23 

26.7 

4 

33 

42.3 

5 

38 

48.9 

6 

43 

57.8 

7 

49 

71.1 

8 

54 

91.1 

9 

58 

Sudden  Failure 

.*-«  gJSAl 


A- A  MAH 3 

0  '1 

.  ,  *-« 


.  cb£oj  I 


e.ei 


B-6 


TABLE  B-6 

PURE  BENDING  TEST  ON  BEAM  B-l 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflect  ion 
in  x  10  ^ 

Steel  stresses (ksi) 

Remarks 

Bot  t  om 
Bar 

Tie 

1 

0 

0 

0 

0 

0 

2 

2 

50 

4 

3.2 

2.1 

3 

4 

84 

9 

14.7 

3.5 

4 

6 

118 

14 

26.6 

4.7 

5 

7 

135 

15 

31.5 

5.0 

6 

8 

152 

18 

36.6 

5.1 

7 

9 

169 

21 

42.0 

5.3 

8 

10 

186 

22 

47.3 

5.4 

9 

12 

220 

27 

Yield 

5.6 

Wide  cracks 

Test  discontinued 

TABLE  B-7 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  B-2 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10 3 

Torque 
in  kips 

Twist 

Radians  per 
inch  x  106 

Steel  stresses (ksi) 

Bottom 

Bar 

Tie 

1 

0 

0 

0 

0 

0 

0 

2 

2 

59 

5 

0 

8.3 

2.7 

3 

4 

93 

11 

0 

21.9 

3.9 

4 

6 

127 

16 

0 

34.5 

4.2 

5 

8 

161 

23 

0 

45.9 

4.5 

6 

10 

195 

31 

0 

Yield 

4.5 

7 

10 

195 

-- 

23 

55.5 

Yield 

4.1 

8 

10 

195 

43 

167 

Yield 

22.2 

9* 

10 

195 

-- 

64 

910 

Yield 

51.2 

10** 

10 

195 

72 

Yield 

- 

*  Torsion  cracks  on  top  face 

**  Failure 
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TABLE  B-8 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  B-3 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10  3 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 
(ksi) 

Bottom 

Bar 

Tie 

1 

0 

0 

0 

0 

0 

0 

2 

2 

59 

4 

0 

4.2 

2.1 

3 

4 

93 

12 

0 

-- 

14.7 

4.2 

4 

5 

110 

16 

0 

19.2 

4.4 

5 

5 

110 

12 

15 . 6 

22.5 

4.4 

6 

5 

110 

-- 

23 

40 .0 

23.7 

4.4 

7 

5 

110 

33 

66.7 

25.2 

4.5 

8 

5 

110 

43 

107 

27.5 

4.8 

9* 

5 

110 

54 

171 

33.8 

5.4 

10** 

5 

110 

64 

405 

37.5 

8.7 

11 

5 

110 

74 

855 

Yield 

18.9 

12 

5 

110 

85 

1255 

-- 

26.4 

1 3*** 

5 

110 

95 

Yield 

* 

** 

*VoV 


Torsion  cracks  on  sides 
Torsion  cracks  on  top  face 
Fai lure 


TABLE  B-9 

PURE  TORSION  TEST  ON  BEAM  B-4 


Loading 

Stage 

Torque 
in  kips 

Twist 

Radians  per 
inch  x  10^ 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

Remarks 

1 

0 

0 

o 

o 

0 

2 

12 

17.8 

0.2 

0 

0 

3 

23 

33.3 

0.2 

0 

0.2 

4 

33 

51.2 

0.6 

0 

0.3 

5 

43 

80.0 

1.1 

0 

0.8 

6 

54 

504 

28.2 

6.2 

40.8 

Cracking 

7 

64 

700 

35.4 

13.8 

50.4 

8 

69 

898 

40.5 

20.1 

55.8 

9 

74 

1070 

46 . 5 

24.0 

Yield 

10 

80 

1305 

53.0 

30.0 

Yield 

11 

85 

"" 

Yield 

31.5 

Yield 

Fai lure 

f)bla  n  e^ofiio  rK>i°ioT  * 


TABLE  B - 10 


B-8 


COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  C-l 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10  3 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  S 

tresses  (ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

3 

76 

7 

0 

13.8 

2.0 

-2.6 

3 

6 

127 

16 

0 

27.0 

3.2 

-4.7 

4 

9 

178 

23 

0 

38.6 

4.4 

-6 . 6 

5 

12 

229 

29 

0 

49.8 

5.1 

-8.9 

6* 

15 

280 

36 

0 

-- 

Yield 

5.1 

-15.2 

7 

15 

280 

12 

15.5 

Yield 

5.6 

-15.5 

8 

15 

280 

23 

53.3 

Yield 

6.2 

-15.8 

9 

15 

280 

33 

118 

Yield 

7.1 

-15.5 

10 

15 

280 

43 

189 

Yield 

8.6 

-15.3 

11 

15 

280 

-- 

54 

264 

Yield 

11.1 

-14.7 

12 

15 

280 

64 

443 

Yield 

13.8 

-13.8 

13 

15 

280 

71 

-- 

Yield 

18.0 

-11.0 

14 

15 

280 

74 

Yield 

19.8 

-9.0 

]_5** 

15 

280 

-- 

78 

Yield 

*  Wide  flexural  cracks 
**  Failure 


TABLE  B - 11 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  C-2 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10 3 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2.5 

67 

4 

0 

10.5 

2.7 

-4.5 

3 

5.0 

110 

9 

0 

— 

20.9 

3.9 

-8.7 

4 

7.5 

152 

15 

0 

-- 

30.2 

5.1 

-12.5 

5* 

10.0 

195 

16 

0 

-- 

39.0 

5.6 

-15.6 

6 

10.0 

195 

23 

40.0 

41.0 

5.7 

-16.7 

7 

10.0 

195 

43 

102 

41.6 

6.0 

-16.4 

8 

10.0 

195 

64 

233 

43.2 

8.1 

-15.0 

9 

10.0 

195 

74 

356 

45.3 

10.2 

-11.9 

10** 

10.0 

195 

85 

538 

49.2 

13.1 

-6.3 

11 

10.0 

195 

95 

1035 

Yield 

27.0 

fll.O 

12*** 

10.0 

195 

105 

-- 

Yield 

54.2 

f21. 8 

*  Fair  sized  flexural  cracks 

**  Torsion  cracks  on  top  face 

***  Failure 
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TABLE  B-12 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  C-3 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10  ^ 

Tor que 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2 

59 

2 

o 

3.3 

0 

-2.3 

3 

3 

76 

5 

o 

6 . 6 

0.5 

-4.1 

4 

4 

93 

7 

0 

13.5 

1.1 

-5.6 

5 

5 

110 

9 

0 

20.1 

1.4 

-8.1 

6 

5 

110 

- 

22 

31.2 

22.2 

1.7 

-8.6 

7* 

5 

110 

- 

43 

111 

25.1 

2.1 

-7.8 

8 

5 

110 

- 

53 

171 

28.4 

3.3 

-5.9 

9 

5 

110 

64 

327 

30.3 

5.0 

-1.8 

10** 

5 

110 

- 

74 

547 

35.7 

8.4 

P4.1 

11 

5 

110 

- 

84 

887 

44.7 

11.1 

F12.8 

12 

5 

110 

- 

95 

1145 

49.5 

13.1 

F18.2 

13 

5 

110 

- 

105 

1545 

Yield 

14.7 

1-24.3 

14 

5 

110 

- 

110 

Yield 

15.5 

'-32 . 3 

1 5***' 

5 

110 

- 

111 

Yield 

*  Torsion  cracks  on  sides 
**  Torsion  cracks  on  top  face 
***  Failure 


TABLE  B-13 

PURE  TORSION  TEST  ON  BEAM  C-4 


Loading 

Stage 

Tor que 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Remarks 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

2 

22 

24.4 

0.6 

0.5 

0.2 

3 

43 

51.1 

1.5 

1.5 

0.8 

4 

53 

84.5 

3.6 

2.7 

3.2 

Cracks  on  sides 

5 

64 

272 

16.5 

9.6 

26.7 

Cracks  on  top 

6 

74 

518 

19.2 

14.7 

41.3 

7 

84 

690 

20.7 

18.5 

49.7 

8 

95 

960 

22.8 

23.3 

Yield 

9 

105 

1190 

26.1 

28.7 

Yield 

10 

111 

36.0 

44.0 

Yield 

Fai lure 

9 obI  qo3  no  aMofiio  nolaioT  ** 


TABLE  B-14 


B-10 


COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  D-l 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10  3 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  nr 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

5 

110 

4 

0 

7.8 

1.2 

-5.3 

3 

10 

193 

14 

0 

16.5 

1.8 

-10.5 

4 

20 

365 

29 

0 

-- 

33.2 

3.6 

-20.4 

5 

30 

535 

34 

0 

-- 

49.5 

4.7 

-30.8 

6 

36 

637 

0 

Yield 

4.2 

Yield 

7 

36 

637 

-- 

22 

80  o  0 

Yield 

4.5 

Yield 

8* 

36 

637 

43 

211 

Yield 

5.1 

Yield 

9 

36 

637 

-- 

64 

522 

Yield 

6.9 

Yield 

10** 

36 

637 

-- 

84 

1530 

Yield 

24.0 

Yield 

l  ]*** 

36 

637 

-- 

92 _ 

_ _ 

Yield 

55.8 

Yield 

*  Crushing  on  top  face 
**  Cracking  and  spalling  on  top  face 
***  Failure 


TABLE  B-15 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  D-2 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10^ 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Tie 

Top  Bar 

1 

0 

0 

0 

0 

0 

0 

2 

5 

110 

5 

0 

0.8 

-4.7 

3 

10 

195 

8 

0 

1.4 

-10.1 

4 

15 

280 

13 

0 

1.8 

-15.5 

5 

20 

365 

17 

0 

2.0 

-23.0 

6 

20 

365 

22 

26.7 

1.7 

-23.7 

7 

20 

365 

43 

69.0 

1.7 

-24.2 

8 

20 

365 

64 

138 

1.8 

-24.2 

9* 

20 

365 

-- 

84 

318 

4.4 

-22.7 

10** 

20 

365 

— 

105 

567 

8.3 

-18.8 

11 

20 

365 

126 

938 

14.6 

-12.5 

12 

20 

365 

136 

1130 

19.5 

-10.8 

13 

20 

365 

-- 

146 

1395 

24.5 

-8.4 

14 

20 

365 

— 

157 

1755 

30.8 

-5.6 

15***  | 

20 

365 

164 

47  .0 

+8.9 

*  Torsion  cracks  on  sides 

**  Torsion  cracks  on  top  face 

***  Fai lur  e 
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TABLE  B-16 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  D-3 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10  3 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2 

59 

3 

0 

-- 

2.1 

0.5 

-2.6 

3 

4 

93 

3 

0 

— 

5.7 

1.1 

-5.4 

4 

6 

127 

8 

0 

9.6 

1.7 

-8.4 

5 

8 

161 

12 

0 

-- 

12.3 

2.3 

-11.1 

6 

10 

195 

15 

0 

__ 

15.8 

2.7 

-14.3 

7 

10 

195 

-- 

22 

35.6 

16.2 

2.3 

-14.6 

8 

10 

195 

— 

43 

97 .7 

17.1 

1.5 

-14.4 

9* 

10 

195 

64 

256 

19.8 

3 . 3 

-10.2 

10 

10 

195 

-- 

84 

550 

22.8 

9.5 

-1.7 

l  ]** 

10 

195 

105 

910 

24.6 

20.0 

+7.7 

12 

10 

195 

126 

1280 

27.3 

31.8 

+  17.0 

13 

10 

195 

— 

146 

1860 

27.3 

44.9 

+29.7 

14*** 

10 

195 

156 

-- 

36.3 

Yield 

+47  .4 

*  Torsion  cracks  on  sides 
**  Torsion  cracks  on  top  face 
***  Failure 


TABLE  B- 17 

PURE  TORSION  TEST  ON  BEAM  D-4 


Loading 

Torque 

Twist 

Steel  Si 

tresse 

s  (ksi) 

Stage 

in  kips 

Radians 

Bottom 

Tie 

Top 

Remarks 

per  inch 

Bar 

Bar 

x  106 

1 

0 

0 

0 

0 

0 

2 

22 

28.8 

0.5 

0.8 

0.5 

3 

43 

104.5 

3.2 

2.7 

2.1 

Cracks 

on  sides 

4 

64 

396 

9.2 

4.8 

21.5 

Cracks 

on  top  face 

5 

84 

690 

12.8 

7.5 

30.5 

6 

105 

1040 

15.6 

10.4 

39 .8 

7 

126 

1435 

18.6 

13.8 

49.5 

8 

136 

17  30 

20.4 

16.4 

Yield 

9 

146 

2170 

23.9 

40.8 

Yield 

Failure 
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TABLE  B-18 


B- 12 


COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  E-l 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  10  3 

Tor que 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2 

59 

5 

0 

13.8 

2.9 

-4.2 

3 

4 

93 

11 

0 

27.9 

4.4 

-7.5 

4 

6 

127 

17 

0 

-- 

39.3 

4.5 

-10.5 

5 

8 

161 

22 

0 

-- 

50.0 

4.7 

-13.5 

6 

10 

195 

28 

0 

Yield 

5.0 

-18.0 

7 

10 

195 

22 

53.2 

Yield 

5.0 

-17  .0 

8* 

10 

195 

43 

160 

Yield 

5.0 

-15.2 

9 

10 

195 

-- 

53 

262 

Yield 

5.4 

-14.1 

10 

10 

195 

64 

532 

Yield 

16.8 

-7.5 

11 

10 

195 

74 

-- 

Yield 

45.3 

-3.9 

12** 

10 

195 

- 

76 

Yield 

Yield  ' 

*  Torsion  cracks  on  sides 
**  Torsion  cracks  on  top  face  and  failure 


TABLE  B-19 

COMBINED  BENDING  AND  TORSION  TEST  ON  BEAM  E-2 


Loading 

Stage 

Bending 

Load 

kips 

Bending 
Moment 
in  kips 

Deflection 
in  x  103 

Torque 

I  Twist 

Steel  Stresses 

(ksi) 

in  kips 

Radians 
per  inch 
x  106 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2 

59 

3 

0 

1.  1 

-3.8 

3 

3 

76 

9 

0 

20.9 

2.9 

-7.1 

4 

4 

93 

12 

0 

24.6 

3.0 

-9.2 

5 

5 

110 

16 

0 

30.6 

3.2 

-11.0 

6 

5 

110 

22 

35.6 

32.4 

3.5 

-11.4 

7* 

5 

110 

43 

131 

34.8 

3.8 

-9.2 

8 

5 

110 

53 

229 

37 .2 

4.4 

-4. 1 

9** 

5 

110 

-- 

64 

412 

42.2 

6.8 

+•4.7 

10 

5 

110 

74 

667 

45.9 

12.3 

+15.0 

11 

5 

110 

84 

1005 

52.8 

19.4 

+25.8 

12 

5 

110 

95 

1425 

54.6 

27.5 

+36.0 

13 

5 

110 

101 

“  “ 

57.3 

36.5 

-- 

*  Torsion  cracks  on  sides 

**  Torsion  cracks  on  top  face 


8  I 
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TABLE  B-20 

PURE  TORSION  TEST  ON  BEAM  E-3 


Load ing 
Stage 

Torque 
in  kips 

Twist 

Steel  Si 

iresses  (ksi) 

Remarks 

Radians 
per  inch 
x  106 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

2 

22 

28 . 8 

0 

0 

0 

3 

43 

80  .0 

1.5 

0 

0.8 

4 

53 

332 

10.2 

6.2 

8.7 

Cracks  on  sides  and  top 

5 

64 

585 

16.4 

9.8 

15.3 

6 

74 

810 

21.6 

13.1 

18.5 

7 

84 

1065 

25.8 

16.4 

21.0 

8 

95 

1325 

30  .0 

20.1 

23.4 

9 

105 

1590 

34.2 

24.3 

24.3 

10 

115 

2080 

44.7 

32.7 

26.1 

11 

121 

-- 

Yield 

-- 

Fai lure 

B-14 


TABLE  B-21 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  A -6 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Remarks 

1 

0 

0 

0 

0 

2 

0.5 

14 

0.6 

0 

3 

1.0 

19 

0.9 

0 

4 

1.5 

24 

1.1 

0 

5 

2.0 

29 

1.4 

0 

-- 

6 

2.5 

33 

1.6 

0 

-- 

7 

2.5 

33 

1.6 

12 

11.1 

8 

2.5 

33 

1.6 

22 

22.2 

9 

2.5 

33 

1.6 

33 

37 .1 

10 

2.5 

33 

1.6 

43 

51.8 

11 

2.5 

33 

1.6 

52 

Sudden  Failure 

TABLE  B-22 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  A -7 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Remarks 

1 

0 

0 

0 

0 

2 

1.0 

19 

0.9 

0 

-- 

3 

1.5 

24 

1.1 

0 

-- 

4 

2.0 

29 

1.4 

0 

— 

5 

2.5 

33 

1.6 

0 

— 

6 

3.0 

38 

1.9 

0 

7 

3.3 

41 

2.0 

0 

-- 

8 

3.3 

41 

2.0 

12 

7.4 

9 

3.3 

41 

2.0 

22 

25.9 

10 

3.3 

41 

2.0 

33 

148 

11 

3.3 

41 

2.0 

40 

Sudden  Failure 

•  • 

B-15 


TABLE  B-23 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  A -8 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Tor que 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Remarks 

1 

0 

0 

0 

0 

2 

0.5 

14 

0.6 

0 

3 

1.0 

19 

0.9 

0 

-- 

4 

1.5 

24 

1.1 

0 

5 

1.5 

24 

1.1 

12 

14.8 

6 

1.5 

24 

1.1 

22 

29.6 

7 

1.5 

24 

1.1 

33 

51.8 

8 

1.5 

24 

1.1 

43 

Sudden  Failure 

TABLE  B-24 

PURE  TORSION  TEST  ON  BEAM  A -9 


Loading 

Stage 

T  or que 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Remarks 

1 

0 

0 

2$ 

12 

14.8 

3 

22 

29.6 

4 

33 

59.2 

5 

_ « _ 

-- 

Sudden  Failure 

. 
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TABLE  B-25 


B-16 


COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  F-l 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

3 

27 

1.7 

0 

0.9 

0 

-0.9 

3 

6 

50 

3.2 

0 

2.3 

2.4 

-1.8 

4 

9 

72 

4.7 

0 

9.8 

7.5 

-2.4 

5 

12 

95 

6.2 

0 

-- 

26.7 

14.4 

-2.4 

6 

14 

110 

7.2 

0 

-- 

33.3 

18.0 

-2.9 

7 

16 

125 

8.2 

0 

39.3 

22.4 

-3.3 

8* 

18 

140 

9.2 

0 

-- 

49 .2 

24.9 

-4.4 

9 

18 

140 

9.2 

12 

66.7 

50.3 

25.2 

-3.6 

10 

18 

140 

9.2 

22 

150 

49.8 

28.2 

-3.3 

11 

18 

140 

9.2 

33 

267 

49.5 

34.2 

-3.0 

12** 

18 

140 

9.2 

43 

521 

48.3 

41.4 

-2.9 

13 

18 

140 

9.2 

48 

876 

50.7 

52.2 

-2.4 

14*** 

18 

140 

9.2 

58 

Yield 

Yield 

+6.3 

*  Wide  flexure  shear  cracks 
**  Torsion  cracks  on  top  face 
***  Failure 


TABLE  B-26 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  F-2 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2 

20 

1.2 

0 

-- 

0.6 

0 

-0.5 

3 

4 

35 

2.2 

0 

1.4 

0.5 

-1.1 

4 

6 

50 

3.2 

0 

-- 

1.8 

2.0 

-1.8 

5 

8 

65 

4.2 

0 

4.4 

3.9 

-2.4 

6 

10 

80 

5.2 

0 

14.1 

6.5 

-2.9 

7 

12 

95 

6.2 

0 

23.4 

7.2 

-3.6 

8 

12 

95 

6.2 

12 

20.8 

23.4 

7.5 

-3.5 

9 

12 

95 

6.2 

22 

45.8 

23.4 

8.1 

-2.9 

10* 

12 

95 

6.2 

33 

108 

24.6 

8.6 

+0.8 

11 

12 

95 

6.2 

43 

172 

26.3 

9.0 

+3.9 

12** 

12 

95 

6.2 

53 

312 

29.0 

15.6 

+8.7 

1 3*** 

12 

95 

6.2 

64 

458 

32.3 

24.2 

+  19.4 

14 

12 

95 

6.2 

74 

815 

48.5 

Yield 

+27.6 

15**** 

12 

95 

6.2 

83 

Yield 

Yield 

+52.2 

*  Torsion  cracks  on  south  face 

**  Torsion  cracks  on  top  face 

***  Torsion  cracks  on  north  face 

****  Failure 
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TABLE  B-27 


B-17 


COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  F-3 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

■\  Shear 

F  orce 
kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

.. 

0 

0 

0 

2 

2 

20 

1.2 

0 

0.8 

0 

-0.8 

3 

4 

35 

2.2 

0 

1.8 

0.2 

-1.5 

4 

5 

42 

2.7 

0 

-- 

2.4 

0.9 

-2.1 

5 

6 

50 

3.2 

0 

5.0 

2.4 

-3.8 

6 

6 

50 

3.2 

12 

20.8 

4.8 

2.4 

-3.3 

7 

6 

50 

3.2 

22 

54.2 

4.8 

2.7 

-3.0 

8* 

6 

50 

3.2 

33 

100 

10.8 

13.1 

-1.7 

9 

6 

50 

3.2 

43 

150 

13.5 

18.3 

-0.6 

10** 

6 

50 

3.2 

53 

375 

19.5 

25.5 

-1-28.5 

1 1*** 

6 

50 

3.2 

64 

563 

33.6 

36.0 

h39.6 

12 

6 

50 

3.2 

74 

870 

51.0 

52.5 

F53.3 

13 

6 

50 

3.2 

84 

1545 

Yield 

Yield 

Yield 

14 

6 

50 

3.2 

89 

Yield 

Yield 

Yield 

*  Torsion  cracks  on  south  face 
**  Torsion  cracks  on  top  face 
***  Torsion  cracks  on  north  face 


TABLE  B-28 

PURE  TORSION  TEST  ON  BEAM  F-4 


Loading 

Stage 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  105 

Steel  Stresses 

(ksi) 

Remarks 

Bottom 

Bar 

Tie 

Top 

1 

0 

0 

0 

0 

0 

2 

12 

8.3 

0 

0.3 

0 

3 

22 

20.8 

0 

0.5 

0 

4 

33 

37.5 

0.5 

0.9 

0 

5 

43 

75.0 

1.2 

2.0 

0 

Cracks  on  sides 

6 

53 

425 

35.7 

3  4.8 

5.6 

Cracks  on  top  face 

7 

64 

675 

44.4 

45.9 

15.5 

8 

74 

1160 

52.5 

Yield 

35.3 

9 

84 

1540 

Yield 

Yield 

45.3 

10 

95 

3330 

Yield 

Yield 

Yield 

Fai lure 

soar  qo3  no  *;io mo  noleioT  ** 
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TABLE  B-29 


COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  G-l 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

4 

35 

2.2 

0 

1.8 

0 

-1.8 

3 

8 

65 

4.2 

0 

18.9 

5.9 

-4.2 

4 

12 

95 

6.2 

0 

32.4 

7.5 

-4.5 

5 

16 

125 

8.2 

0 

46.2 

8.7 

-5.3 

6 

18 

140 

9.2 

0 

-- 

55.4 

9.9 

-5.7 

7 

19 

147 

9.7 

0 

Yield 

10.5 

-5.9 

8 

20 

155 

10.2 

0 

Yield 

12.0 

-5.4 

9 

20 

155 

10.2 

12 

41.6 

Yield 

15.2 

-3.9 

10 

20 

155 

10.2 

22 

133 

Yield 

18.0 

-2.3 

11 

20 

155 

10.2 

33 

225 

Yield 

21.9 

-1.2 

12 

20 

155 

10.2 

43 

425 

Yield 

27.8 

+  17.1 

13* 

20 

155 

10.2 

53 

680 

Yield 

32.6 

+25.2 

14** 

20 

155 

10.2 

64 

1520 

Yield 

44.9 

+33.6 

15*** 

20 

155 

10.2 

73 

-- 

Yield 

Yield 

+37.2 

*  Torsion  cracks  on  north  face 
**  Torsion  cracks  on  top  face 
***  Failure 


TABLE  B-30 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  G-2 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

3 

27 

1.7 

0 

1.5 

0 

-1.1 

3 

6 

50 

3.2 

0 

5.6 

0.9 

-2.6 

4 

9 

72 

4.7 

0 

23.0 

5.6 

-3.6 

5* 

12 

95 

6.2 

0 

35.7 

8.1 

-4.2 

6 

12 

95 

6.2 

12 

33.3 

35.6 

9.9 

-3.6 

7** 

12 

95 

6.2 

22 

66.7 

33.3 

10.8 

-1.5 

g*** 

12 

95 

6.2 

33 

117 

32.9 

12.0 

0 

9 

12 

95 

6.2 

43 

175 

34.1 

15.5 

+6.0 

10**** 

12 

95 

6.2 

53 

322 

36.6 

19.4 

+  15.9 

1 i***** 

12 

95 

6.2 

64 

613 

51.3 

Yield 

+24 . 6 

12 

12 

95 

6.2 

74 

865 

Yield 

Yield 

+33.6 

13 

12 

95 

6.2 

84 

1480 

Yield 

Yield 

+45.0 

14****** 

12 

95 

6.2 

92 

-- 

Yield 

Yield 

+53.1 

* 

** 

*** 

**** 

***** 

****** 


Flexure  shear  cracks  upto  about  3  inches  from  top  face 

Extension  of  shear  cracks  on  south  face  due  to  torsion 

Torsion  cracks  on  south  face 

Torsion  cracks  on  top  face 

Torsion  cracks  on  north  face 

Fai lure 
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TABLE  B-31 


B-19 


COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  G-3 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Bottom 

Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

0 

0 

2 

2 

20 

1.2 

0 

-- 

0.9 

0 

-0.6 

3 

4 

35 

2.2 

0 

1.8 

0 

-1.5 

4 

5 

42 

2.7 

0 

-- 

2.4 

0 

-1.8 

5* 

6 

50 

3.2 

0 

3.2 

0 

-2.4 

6** 

6 

50 

3.2 

12 

22.8 

3.5 

0.3 

-2.4 

7 

6 

50 

3.2 

22 

50.0 

6.8 

0.6 

-0.3 

8 

6 

50 

3.2 

33 

113 

8.9  . 

13.2 

-HO  .9 

9 

6 

50 

3.2 

43 

163 

10.4 

19.5 

-Hi. 8 

10 

6 

50 

3.2 

53 

246 

12.2 

25.2 

H4.1 

1 1*** 

6 

50 

3.2 

64 

517 

20.9 

30.0 

-H32.6 

12 

6 

50 

3.2 

74 

672 

29.7 

37.8 

+-42 .0 

13 

6 

50 

3.2 

84 

1090 

44.0 

Yield 

4-51.6 

14 

6 

50 

3.2 

95 

1505 

Yield 

Yield 

Yield 

6 

50 

3.2 

103 

Yield 

Yield 

Yield 

* 

Flexure 

** 

Torsion 

*** 

Torsion 

**** 

Fai lure 

shear  cracks  upto  about  5  inches  from  top  face 
cracks  as  extension  of  shear  cracks  on  south  face 
cracks  on  north  and  top  faces 


TABLE  B-32 

PURE  TORSION  TEST  ON  BEAM  G-4 


Loading 

Torque 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses 

(ksi) 

Remarks 

Stage 

in  kips 

B  ot  t  om 
Bar 

Tie 

Top 

Bar 

1 

0 

0 

0 

0 

0 

2 

12 

8.3 

0 

0.2 

0 

3 

22 

20.8 

0 

0.5 

0.3 

4 

33 

45.8 

0 

0.9 

0.6 

5 

43 

87.5 

0.5 

2.0 

0.9 

Cracking  torque  =  50  k.in 

6 

53 

212 

7.2 

22.2 

5.3 

Cracks  on  sides  and  top 

7 

64 

462 

18.3 

34.5 

27  .0 

8 

74 

745 

26.4 

Yield 

41.4 

9 

84 

1020 

36.3 

Yield 

52.8 

10 

95 

1360 

45.2 

Yield 

Yield 

11 

105 

1710 

54.3 

Yield 

Yield 

12 

115 

2680 

Yield 

Yield 

Yield 

Fai lure 
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TABLE  B-33 


COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  H-l 


B-20 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

T  or  que 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

1 

0 

0 

0 

0 

0 

0 

2 

4 

35 

2.2 

0 

-- 

2.1 

-0.3 

3 

8 

65 

4.2 

0 

-- 

9.6 

-0.3 

4 

12 

95 

6.2 

0 

17  .1 

-0.8 

5 

16 

125 

8.2 

0 

26.9 

-1.8 

6 

20 

155 

10.2 

0 

-- 

36.0 

-0.6 

7 

24 

185 

12.2 

0 

-- 

44.7 

f  3 . 3 

8 

28 

215 

14.2 

0 

-- 

48.9 

-1-8.4 

9 

30 

230 

15.2 

0 

Yield 

+7.2 

10* 

32 

245 

16.2 

0 

Yield 

Yield 

11 

32 

245 

16.2 

12 

33.3 

Yield 

Yield 

12 

32 

245 

16.2 

22 

91.7 

Yield 

Yield 

13 

32 

245 

16.2 

33 

171 

Yield 

Yield 

14 

32 

245 

16.2 

43 

27  8 

Yield 

Yield 

15 

32 

245 

16.2 

53 

455 

Yield 

Yield 

16** 

32 

245 

16.2 

64 

1020 

Yield 

Yield 

17*** 

32 

245 

16.2 

74 

Yield 

i  Yield 

*  Wide  flexure  shear  cracks 
**  Some  visible  crushing  on  top  face 
***  Failure 


TABLE  B-34 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM, H-2 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  10  6 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

1 

0 

0 

0 

0 

0 

0 

2 

4 

35 

2.2 

0 

-- 

2.7 

0  .6 

3 

8 

65 

4.2 

0 

8.9 

2.7 

4 

12 

95 

6.2 

0 

16.5 

4.5 

5 

16 

125 

8.2 

0 

24.6 

5.7 

6 

20 

155 

10.2 

0 

37 .2 

11.4 

7 

20 

155 

10.2 

12 

41.6 

38.7 

12.3 

8* 

20 

155 

10.2 

22 

96.0 

40.4 

13.8 

9 

20 

155 

10.2 

33 

159 

42.0 

17.1 

10** 

20 

155 

10.2 

43 

246 

44.1 

21.5 

1 1*** 

20 

155 

10.2 

53 

379 

47.3 

28.1 

12 

20 

155 

10.2 

64 

600 

Yield 

37.5 

]_  3**** 

20 

155 

10.2 

74 

975 

Yield 

Yield 

14***** 

20 

155 

10.2 

84 

Yield 

Yield 

*  Extension  of  shear  cracks  and  new  torsion  cracks  on  south  face 

**  Torsion  cracks  on  top  face  over  about  middle  third  width 

***  Torsion  cracks  on  top  face  extended  to  south  edge  of  beam 

****  Torsion  cracks  on  top  face  over  entire  width 

*****  Failure 
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TABLE  B-35 

COMBINED  BENDING  SHEAR  AND  TORSION  TEST  ON  BEAM  H-3 


Loading 

Stage 

Bending 

Load 

kips 

Average 
Bending 
Moment 
in  kips 

Shear 

Force 

kips 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Bottom 

Bar 

Tie 

1 

0 

0 

0 

0 

.. 

0 

0 

2 

2 

20 

1.2 

0 

0.6 

0 

3 

4 

35 

2 . 2 

0 

1.8 

0.3 

4 

6 

50 

3.2 

0 

4.1 

1.4 

5 

8 

65 

4.2 

0 

8.0 

3.6 

6 

10 

80 

5.2 

0 

12.3 

4.8 

7 

10 

80 

5.2 

12 

8.3 

13.2 

4.8 

8* 

10 

80 

5.2 

22 

33.3 

14.7 

4.8 

9 

10 

80 

5.2 

33 

66.7 

15.6 

5.3 

10 

10 

80 

5.2 

43 

104 

18.0 

5.9 

11 

10 

80 

5.2 

53 

171 

23.1 

11.0 

12** 

10 

80 

5.2 

64 

413 

33.9 

28.2 

13 

10 

80 

5.2 

74 

613 

39.9 

35.9 

14 

10 

80 

5.2 

84 

982 

47.1 

42.6 

15*** 

10 

80 

5.2 

88 

-- 

-- 

*  Torsion  cracks  on  south  face 
**  Torsion  cracks  on  north  and  top  faces 
***  Failure 


TABLE  B-36 

PURE  TORSION  TEST  ON  BEAM  H-4 


Loading 

Stage 

Torque 
in  kips 

Twist 
Radians 
per  inch 
x  106 

Steel  Stresses  (ksi) 

Remarks 

Bottom 

Bar 

Tie 

1 

0 

0 

0 

0 

2 

12 

4.2 

0 

0 

3 

22 

16.7 

0 

0 

4 

33 

33.3 

0 

0 

5 

43 

54.2 

0.6 

0.6 

Cracking  Torque  =  51  k . in . 

6 

53 

108 

6.3 

11.3 

Cracks  on  sides 

7 

64 

9.9 

39.6 

Sudden  Failure 

Cfd 
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FIGURE  B-l  CONCRETE  STRAINS  FOR  BEAMS  IN  GROUP  A 
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FIGURE  B-2  CONCRETE  &  STEEL  STRAINS  FOR  BEAMS  IN  GROUP  B 
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Concrete  or  Steel  Strain  -  ft  inches  /  in.  Concrete  or  Steel  Strain  -  ft  inches /in. 
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FIGURE  B-3  CONCRETE  &  STEEL 


STRAINS  FOR  BEAMS  IN  GROUP  C 
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(a)  Beam  D*1  (b)  Beam  D-2 


FIGURE  B-4  CONCRETE  &  STEEL  STRAINS  FOR 
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FIGURE  B-5  CONCRETE  &  STEEL  STRAINS  FOR  BEAMS  IN  GROUP  E 
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Concrete  or  Steel  Strain  -  it.  inches  /in.  Concrete  or  Steel  Strain  -  fi.  inches /in. 


B-28 


I 


FIGURE  B  -  7  CONCRETE  &  STEEL  STRAINS  FOR  BEAMS  IN  GROUP  F 
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FIGURE  B-B  CONCRETE  &  STEEL  STRAINS  FOR  BEAMS  IN  GROUP  G 
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FIGURE  B-9  CONCRETE  &  STEEL  STRAINS  FOR  BEAMS  IN  GROUP  H 
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FIGURE  B - 10  LONGITUDINAL  STRAINS  IN  CONCRETE  -  /x  INCHES  /  IN.  FOR 
BEAMS  IN  GROUPS  A  THROUGH  E 
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FIGURE  B- 11  LONGITUDINAL  STRAINS  IN  CONCRETE  -  /x  INCHES  /  IN. 
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FIGURE  B- 12  DEFORMATION  CHARACTERISTICS  OF  BEAMS  SUBJECTED  TO  COMBINED  BENDING  AND  TORSION 
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FIGURE  B- 13  DEFORMATION  CHARACTERISTICS  OF  BEAMS  SUBJECTED  TO  COMBINED  BENDING,  TORSION  &  SHEAR 
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APPENDIX  C 


FAILURE  OF  CONCRETE  UNDER  COMBINED  STRESSES 

C-l  Introduction 

Criteria  governing  failure  of  concrete  under  combined  stresses 
have  received  considerable  interest  in  the  past.  The  proposed  theories  can 
be  classified  in  the  four  broad  categories: 

(i)  maximum  stress 

(ii)  internal  friction 

(iii)  maximum  strain 

(iv)  strain  energy 

In  problems  involving  essentially  a  state  of  biaxial  stress, 
the  failure  criterion  may  be  expressed  by  a  failure  envelope  on  the  Mohr's 
diagram.  However,  its  use  in  problems  involving  triaxial  stresses  is 
questionable  since  it  implies  that  the  failure  criterion  is  independent 
of  the  intermediate  principal  stress.  In  a  state  of  tri-axial  stress, 
the  failure  criterion  may  be  governed  by  octahedral  normal  and  shearing 
stresses  (Bresler  and  Pister,  1955) . 

The  low  strength  of  concrete  in  direct  tension  as  compared  to 
its  strength  in  compression  or  shear  is  an  important  feature  of  concrete. 
This  is  especially  true  in  connection  with  concrete  subjected  to  torsion 
which  tends  to  induce  diagonal  tension  in  concrete. 

The  failure  theories  for  concrete  subjected  to  combined  stresses 
have  been  discussed  in  the  literature  (Bresler  and  Pister  1955,  Zia  1961, 
Pandit  1961) .  The  theories  commonly  used  are  presented  below. 
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C -  2  Failure  Theories 
(i)  Rankine's  Theory 

This  theory  assumes  that  the  criterion  of  failure  is  attained 
as  soon  as  the  principal  stress  value  reaches  the  strength  of  concrete  in 


simple  tension  or  compression.  The  failure  envelope  on  the  Mohr’s 


diagram,  FIGURE  C-l,  consists  of  a  pair  of  straight  lines  parallel  to 
shear  stress  axis.  The  circles  Cl  and  C2  correspond  to  tension  and 
compression  failure  respectively.  Circle  C3  corresponds  to  the  condition 
when  the  major  and  minor  principal  stresses  attain  simultaneously  values 
equal  to  the  compressive  and  tensile  strength  of  concrete.  It  also  re¬ 
presents  the  transition  from  tension  to  compression  failure.  For  tension 
failure  (circle  C3) 


Ri  =  A  o'+'T'o 


(C-l) 


and 


(C-2) 


where  C T  =  normal  compressive  stress 


rt0  =  unit  torsional  strength  of  plain  concrete  in  pure  torsion 
^  =  apparent  unit  torsional  strength  of  plain  concrete  under 


combined  stresses. 


For  compression  failure  (circle  C2) 


Ro  =  fc  -  —  cr 

2 


(C-3) 


and 


(C-4) 


The  critical  case,  represented  by  circle  C3,  is  obtained  when  R^  and  R2 
become  equal.  Hence  Equations  (C-l)  and  (C-3)  give 
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crcr 


(C-5) 


and  the  maximum  possible  apparent  unit  torsional  strength, 

Tm  (c-6) 

(ii)  Coulomb's  Theory 

Coulomb's  internal  friction  theory  assumes  that  the  failure 
is  due  to  sliding  on  an  oblique  plane  in  the  material.  The  failure  enve¬ 
lope  consists  of  a  pair  of  straight  lines  tangent  to  the  two  circles  re¬ 
presenting  states  of  pure  shear,  circle  C^  ,  and  simple  compression,  circle 
C2  >  as  shown  in  FIGURE  C-2.  The  apparent  torsional  strength,  according 
to  this  theory  is  given  by  Equation  (C-7) . 
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The  optimum  value  of  normal  stress,  O'  ,  is  obtained  by  differentiating 
Equation  (C-7)  with  respect  to  CT  and  equating  to  zero,  giving- 

£'  <7  £'  -T  ) 

 c  2  c  •'o 


CTo 


f '  -  T 

C  Lo 


(C-8) 


The  maximum  value  of  the  apparent  torsional  strength  is  then  obtained 
from  Equation  (C-7)  by  substituting  O~0  for  q"  . 

(iii)  Mohr's  Generalized  Theory 

Mohr's  generalized  internal  friction  theory  assumes  that  the 
resistance  to  sliding  is  a  function  of  the  normal  stress  on  the  sliding 
plane.  Hence  the  apparent  torsional  strength  may  be  expressed  as 


T=  c  +  F  (or) 


(C-9) 


The  constant  c  and  the  form  of  the  function  F  have  to  be  determined 
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FIGURE  C-l  RANKINE'S  THEORY 
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FIGURE  0  2  COULOMB’S  THEORY 
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empirically. 

(iv)  Cowan's  Theory 

Cowan  (1953)  combined  the  Rankine ' s  maximum  stress  theory  with 
the  internal  friction  theory.  The  failure  envelope  according  to  this 
theory  is  represented  by  a  combination  of  Rankine  envelope  and  a  pair 
of  straight  lines  tangential  to  the  Mohr's  Circle  C2  for  the  case  of 
simple  compression  inclined  at  an  angle  of  37°  to  the  horizontal  as  shown 
in  FIGURE  C-3.  It  implies  two  distinct  types  of  failure:  cleavage  (due 
to  tension)  and  shear  (due  to  compression).  Apart  from  its  simplicity, 
this  theory  offers  the  physical  interpretation  that  the  total  resistance 
to  sliding  is  the  sum  of  a  constant  resistance  representing  the  strength 
of  cement  paste  and  the  frictional  resistance  due  to  aggregate,  the  angle 
of  internal  friction  of  average  aggregate  being  37°.  For  cleavage  (tension) 
type  failure 


T 


(  i  O')  2 


1 

2 


(C-10) 


and  for  shear  (compression)  type  failure 


^ =  Jr2  "  ( 


where  R  = 


—  fc  (cosec  37°  -  1)  4-  —  o' 

2  2 


sin  37° 


(C-ll) 


(C-12) 


The  failure  changes  from  cleavage  (tension)  to  shear  (compression)  type 
if  the  normal  stress  exceeds  the  critical  value  given  by  Equation  (C-13) 


<Tcr  =  fA. 


2  To 


1-sin  37° 


(C-13) 


and  the  maximum  possible  apparent  unit  torsional  strength  corresponding 
to  this  critical  normal  stress  is  given  by  Equations  (C-ll)  and  (C-13). 
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(v)  Cowan's  Modified  Theory 

Zia  (1961)  suggested  a  modification  to  Cowan's  theory  to  achieve 
a  better  approximation  to  Mohr's  generalized  theory  (FIGURES  C-3  and  C-4). 
Equation  (C-ll)  and  (C-12)  for  shear  (compression)  failure  still  hold. 
However,  the  cleavage  (tension)  failure  is  governed  not  only  by  tensile 
strength  but  also  by  compressive  strength  of  concrete.  Thus  for  cleavage 
(tension)  failure, 


(C-14) 


where 


R  =  to 


cot2  26.5° 

fi2 


(C-15) 


The  critical  normal  stress  at  which  the  failure  changes  from  one  type 
to  another  is  given  by  Equation  (C-16) . 


(1  -  sin  37°)  -  2T0 


(2^o)  2 
(  t'c? 


cot  ■ 


26.5° 


sin  37° 


(C-16) 


The  maximum  value  of  apparent  unit  torsional  strength  is  obtained  by  sub¬ 
stituting  Equation  (C-16)  into  Equation  (C-14) . 

(vi)  Bresler  and  Pister's  Hypothesis 

Bresler  and  Pister  (1955)  suggested  that  the  generalized  failure 
criterion  may  be  expressed  by  Equation  (C-17) . 

F  (I-l  ,  I2  ,  I3)  =  0  (C-17) 

where  1^  ,  I ^  and  are  the  three  principal  stress  invariants  given 
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FIGURE  C-3  COWAN'S  THEORY  &  ZIA'S  MODIFICATION 
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FIGURE  C-4  FAILURE  THEORIES 


. 


by  Equations  (C-18) . 

X I  =  ^]_  +■  X-  CT^ 

X  2  =  ^1^2  ®"2  °3  ""^"^3^1 

1 3  = 


C-8 


(C-18) 


where  Cr^  and  (T3  are  the  three  principal  stresses.  From  their  tests 
on  hollow  cylinders  subjected  to  varying  combinations  of  torsion  and  com¬ 
pression,  Bresler  and  Pister  obtained  the  following  empirical  relation: 

(-Toct /<TC)  =  1.15  (^ct/O^)  +  0.087  (C-19) 

where  Ooct  and  Toct  are  t^ie  normal  and  shearing  octahedral  stresses 


and  (Tq  is  the  nominal  compressive  strength  of  concrete. 
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